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  
   

 
Primal Logarithmic Barrier Method  

  
••

•
• 

• 
•

•
•
• •

 
  

  
18Introduction 

 self dual





6.6
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





 







[HDRT] 







combinatorial 

optimizationX
S


 

2.8Self-Dual Embeddings  


0 ,  0X S° °f f
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
 

1.8
1

maximize         

subject to         
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m

i i
i

m

b y

y A S C

S y
=

+ =

∈

∑
f ¡

 

 
 


( , )y S° °

1.8 
 
 

2.8
minimize         tr ( )
subject to         tr ( )  ,   1,....,
                              0

i i

CX
AX b i m
X

= =

f
 

 


 

 

3.8
1

maximize         

subject to         

                              tr  , 0

T

m

i i
i

b y

y A S C

S M S
=

+ =

≤

∑
f

 

 

3.81.8M
1.83.8

1.83.8 
3.8 

 

4.8
minimize   tr ( ( ))
subject to   tr ( ( )) ,  1,...
                   0,  0

i i

C X I M
A X I b i m

X

κ κ
κ

κ

− +
− = =

≥ f
 

o b e i k a n d l . c o m 



 

  

136 
 

4.8
κ

 



M

M
κ4.8

S*tr S M≤
*tr S

 

 initialization 

problem
skew-symmetric




 





choleski factorization[XHY]


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
MOSEKXPRESSMPCPLEX 

homogeneous embedding
[PS][DRT][LSZ]





SeDuMi 

[St] 


 
• * * * *( , )X S ∈ ×P D 
•  
• 

 


 


 
•  
• 

 
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• 
 


perfect 

duality
 

38  The Embedding Strategy  

 
 

5.81
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              +                  0

    tr ( )                          0
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∑
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0τ ≥1 X
τ

1 S
τ






5.8 




 
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
5.8 

 

86
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 


 

0,  , 1 y X S I θ ρ τ υ° ° ° ° ° ° °= = = = = = = 
 

υ β=
0θ =


 


* 0τ >
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
 

1.8 
k⊂ ¡Kclosed convex cone

K*Kk kA ×∈¡
 

 

7.8
*

minimize   
subject to   

                 , 

Tq(x)= c x
Ax s c
x s

− =

∈ ∈K K

 

 
 


*

subject to   
                 , 

q(x)
Ax s c

x s

−
− = −

∈ ∈K K

 

 

7.8q(x) 

 
7.8 

 

( , , ) ( )
( )

T T

T T T T

L x s y c x y Ax s c
A y c x y s y c

= + − +

= + − +
 

 

7.8 
 

*

maximize      +  minimize  {( ) - } 
                     , 

T T T T

k

c y A y c x y s
y x s

+

∈ ∈ ∈¡ K K
 

 
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
*TA y c K+ ∈y K− ∈

 

*

maximize     
subject to    
                      

T

T

c x
A y c

y
+ ∈

− ∈
K

K
 

 

TA A= −
,   TA y c Au c u yυ = + = + = − 

 

*

maximize    
subject to   
                  ,  

T c u
Au c
u

υ

υ

−
− = −

∈ ∈K K

 

 

 

 

2.8 
6.8 

 
1.8

7.8 
 

6.8
2 θβ 

 

tr ( )XSθβ τρ θυ= + + 
 
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 
 

8.8
0

0
0

XS
ρτ
θυ

= 
= 
= 

 





relax

8.8 
XS Iµ
ρτ µ
θυ µ

=
=
=

 

 

ˆˆ ,  =
X S

X Sτ ρ
υ θ

   
   =    
      

 

ˆˆ ,  0XS Iµ µ= > 
6.8ˆˆ( ( ), ( ))X Sµ µ0µ > 

48 
      Frame Algorithm and Centrality Function    


( ( ), ( ), ( ))X y Sµ µ µ   
 

1

tr ( ) ,             1,...,

,   0

         

i i
m

i i
i

AX b i m

y A S C S

XS Iµ
=

= =

+ =

=

∑ f 
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( ( ), ( ), ( ))X y Sµ µ µ
 

 

1( , )  tr ( ) log  det( )f X S XS XS nµ µ
= − − 

×P D
n

 
1( )  tr ( ) log  detp X CX Xµ µ

= − 

 
1( , ) log  detTd y S b y Sµ µ

= − − 

( )X µ( )p Xµ
µcentering parameter

barrier parameter 

short step algorithm
X∆


( )p Xµ

X ⊥∆ ∈LX∆
 

21arg   minimize     ( )  ( )
2

                 subject to       ( ) 0,    1,...,

T T

i

X p X X X P X X

tr A X i m

µ µ∆ = ∇ ∆ + ∆ ∇ ∆

∆ = =
 

 

arg 
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 

     3.8 
 , Xµ °X °

 
 

  
     0ε >   

1
4 2n

θ =
+

 
 

  ;  X X µ µ° °= = 
  nµ ε> 

(1 )
X X X
µ θ µ

= + ∆
= −

 

 
 

XP0µ > 
1 1
2 2

1

1( ( , ), ( , )) arg   minimize 

                                          subject to 

                                                             ,  

m

i i
i

m
n

S X y X X SX I

y A S C

S y

µ µ
µ

=

= −

+ =

∈ ∈

∑
¡S

 

( , )S X µ
 

1 1
2 2( , )( , )p

X S X XX Iµ
δ µ

µ
= − 
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 
 

( , ) 0 ( )p X X Xδ µ µ= ⇔ = 
( , )S X µ


 

58 
Projected Newton Direction for Primal Barrier Function  

 
1( )  tr ( ) log  detp X CX Xµ µ

= − 

( , )X µ 

9.8

2

2 2

1arg   minimize   
2

1      arg   minimize  tr ( ) tr ( )
2

T TX p X X p X

p X p X

µ µ

µ µ

∆ = ∇ ∆ + ∆ ∇ ∆

= ∇ ∆ + ∇ ∆
 

 
 

tr ( ) 0   ,   1,..,iA X i m∆ = = 
( , )p p Xµ µ µ∇ = ∇gradient2 pµ∇
Hessian
pµXX∆ 

4.8 
:  ( )nf ri S+ → ¡ 

( ) log  det  Xf x = 
1( )f x X −∇ = 

[VB] 
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5.8 
:  ( )nf ri S+ → ¡ 

( ) tr ( )f x CX= 
nC ∈ S( )f x C∇ = 

 

6.8 

:  ( )nf ri S+ → ¡ 
 

( ) log  det  Xf x = 
 

 

2 1 1( ) ,  nf x H X HX H− −∇ = − ∀ ∈S 
 

linear operatorX 

[VB] 

7.8 

:  ( )nf ri S+ → ¡  

( ) log  det  (X)f x = − 
 

 

[HJ] 

4.8 
 

11( )p X C Xµ µ
−∇ = − 

 
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2 ( , ) : n np Xµ µ∇ →S S 
 

2 1 1( )  ,        np X X X X X Xµ
− −∇ ∆ = ∆ ∀∆ ∈S. 

9.8 
 

1 1 21 1arg   minimize  tr ( ) tr ( ) (tr( ) )
2

                  subject to   tr ( ) 0,   1,...,i

X C X X X X X

A X i m
µ

− −∆ = ∆ − ∆ + ∆

∆ = =
 

 

KKT 
 

 

1 1 1

1

1  0

                                      tr ( ) 0,     1,....,

m

i i
i

i

C X X X X y A

A X i m
µ

− − −

=

− + ∆ + =

∆ = =

∑  

 

 
 

10.8( )1 1
2 2

1
vec (  )  vec (Z)T T

X X X XX X X I
−− −  ∆ = − −  

A A A A 
1 1

2 21Z X CX Iµ= −vec
XA2m n×

 
 

1 1
2 2vec (  ) ,    1,...,T

jX A X j m= 
10.8 

 

1 1
2 2

1vec ( )X CX I
µ

− 

null-space2
XAXA

 
1 1 1 1
2 2 2 2

1span {vec (  ),......, vec (  )}mX A X X A X 
 
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nS
X∆1 1

2 21 X CX Iµ −
 

 

1 1 1 1
2 2 2 2

1span {  ,......,   }mX A X X A X 
 

:
X n nP →A S S

 
 

11.81 1
2 2

( ) arg  minimize  

                        subject to  tr (X  X  ) 0,   1,...,
                                          

X

i

n

P M W M

A W i m
W

= −

= =

∈

A

S
 

X∆S(X, )µ 
 

88 
X  ( )ri∈ P 

( )1 1
2 21 1

2 2
,  = ( )

XA

XS X XX C XX X P I X X
µ

µ µ

   
∆ − − = − −       

 
 

KKT 
 

 
1 1
2 2

m

i
i=1

  minimize   

subject to  

                  ,  

i

m
n

X S X I

y A S C

y S

µ
−

+ =

∈ ∈

∑
¡ S

 

 
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 
 

128
2

m

i=1

  

tr  ( ) 0,      1,...,i

i i

X S X XQ

AQ i m

y A S C

µ µ
− = 
= = 

+ =


∑

 

nQ ∈S 
 

[Dk] 
128

 
13.8tr ( ) tr ( ) tr ( )

m

i i j j j
i= 1

y  XAXA = XA XC   A X ,   j = 1,...,mµ−∑ 

m m×( , )y X µ
tr ( )i jXAXA13.8

 

1 2, , , mA A A… 
 

1
( , ) ( , )

m

i i
i

S X y X A Cµ µ
=

= −∑ 

 
1  ( , )X X S X X Xµ
µ

∆ = − + 

68Affine – Scaling Direction 
8.8X∆ 

1
a cX X X

µ
∆ = ∆ + ∆ 

o b e i k a n d l . c o m 



 

  

150 
 

 
1 1 1 1
2 2 2 2( ( ))

XaX X P X CX X∆ = − A 
 

1 1
2 2( ( ))

XcX X P I X∆ = A 
aX∆affine scaling

cX∆centering 
aX∆X∆

µ( )X µ
aX∆

 

aX∆ 


X

PA11.8 aX∆ 

 

14.8

1 1 1 1
2 2 2 2

1 1
2 2

arg  minimize

                              subject to  tr ( ) 0,    1,...,
                                                                 

a

i

n

X X X W X CX

X AX W i m
W

− −

∆ = −

= =

∈S
  

 

 
 
 

15.8    
1 1
2 2

2

arg  minimize tr  ( )

                 subject to  1

                                      tr ( ) 0,   1,....,

a

i

X C X

X XX

A X i m

− −

∆ = ∆

∆ ≤

∆ = =

  


14.815.8 
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aX X+ ∆ ∈P 

9.8 

X ∈PX∆ 
tr ( ) 0,    1,...,iA X i m∆ = = 

X∆1 1
2 2 2{ :||   || 1}X X X X− −∆ ∆ ≤

X X+ ∆ ∈P 

 

 
1 1 1 1
2 2 2 2

2
2

1
( ) 1

n

i
i

X XX X XXλ− − − −

=

∆ = ∆ ≤∑ 
 

 
 

1 1
2 2( ) 1,    1,...,i X XX i nλ − −∆ ≤ = 

 

 
 

1 1
2 2 0I X XX− −+ ∆ f 

1
2X0X X+ ∆ f 


cX∆ 

7.8Behavior  Near the Central Path  
 0µ >( )X ri∈ P

( , ) 1p Xδ µ < 
 

12 ( , )X X X X XS X Xµ
µ

+ = + ∆ = − 
 
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( ), ( , )X S X µ+


X
µ 
10.8 

0X f( , ) 1p Xδ µ <( , ) 0S X µ f 

 

( , )p Xδ µ 

( )

( )( )

1 1
2 2

1 1
2 2

1 1
2 2

2

2

2
1

2
1

1

 ( , )( , )

                  tr   ( , ) 

                   ( , ) 1

p

n

i
i

X S X XX I

X S X X I

X S X X

µ

µ

µδ µ
µ

µ

λ µ
=

= −

 = − 
 

= −∑

 

( , ) 1p Xδ µ < 
 

( )( )1 1
2 2

2
1

1
 ( , ) 1 1

n

i
i

X S X Xµ λ µ
=

− <∑ 

( )1 1
2 2( , ) 0i X S X Xλ µ >1,......,i n=

( , ) 0S X µ > 


( )X ri∈ P

( , ) ( )S X riµ ∈ D( , ) 1p Xδ µ <
 

*tr ( ) tr ( ( , ))CX p XS X µ− ≤ 
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
 

X X X+ = + ∆X
 

11.8 

 
12  ( , )X X X X X S X Xµ
µ

+ = + ∆ = − 

( , ) 1p Xδ µ <0X f0X + f 
 

X + 
 

16.81 1 1 1
2 2 2 2

( , )(2 )S XX X I X X Xµ
µ

+ = −  

( , ) 1p Xδ µ <   
1 1
2 21 ( , ) 1X S X X Iµ µ − < 

 
1 1
2 2

2

1

( , ) 1
n

i
i

X S X X Iµ
λ

µ=

 
− <  

 
∑ 

 
1 1
2 2

1 ( , ) (0, 2),  1,....,i X S X X i nλ µ
µ

 
∈ = 

 
 

 
1 1
2 2

( , )2 (0, 2),  1,....,i
S XI X X i nµ

λ
µ

 
− ∈ = 

 
 

0X + f16.8 
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
 

12.8 
( )X ri∈ P( , ) 1p Xδ µ <   

12  ( , )X X X X X S X Xµ
µ

+ = + ∆ = − 

2( , ) ( , )p pX Xδ µ δ µ+ ≤. 
 
( , ) 1p Xδ µ < 

 

( ) ( )

( )( )

1 1 1 1
2 2 2 2

2 2

2

2
1

, ,
( , )   

                                                                 tr ( , )

p

X S X X X S X X
X I I

S X X Iµ

µ µ
δ µ

µ µ

µ

+ ++ + +
+

+

= − ≤ −

= −

 

( )12 ,X X XS X Xµ µ+ = − 
 

( )( )
( )( )
( )

( )

1 1
2 2

1 1
2 2

1 1
2 2

22 1 1

4
1

4
1

22
1

4
41

( , )  tr ( , ) 2 ( , )

                   tr ( , )

                   tr ( , )

                   ( , )

                   ( , )  

p

p

X S X X XS X X I

S X X I

X S X X I

X S X X I

X S X X I

µ µ

µ

µ

µ

µ

δ µ µ µ

µ

µ

µ

µ δ

+  ≤ − − 

= −

 = − 
 

= −

≤ − = ( , )X µ

 

 

Frobenius norm  
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8.8Updating the Centering Parameter  
X

( , )p Xδ µ τ≤τµ
1

2( , )p Xδ µ + ≤µµ +
X X+ ∆X +1

4( , )p Xδ µ+ + ≤
12.8 

 

13.8 
µ(1 )µ θ µ+ = −0 1θ< <

 
 

( )( )1( , )  ,
1p pX X nδ µ δ µ θ

θ
+ ≤ +

−
 

 
 

( )( )

1 1
2 2

1 1
2 2

1 1
2 2

1 1
2 2

( , )( , )  
(1 )

( , )                 
(1 )

( , ) 1                 
(1 ) 1 1

1 ( , )                 
1

1                 ,
1

p

p

X S X XX I

X S X X I

X S X X I I

X S X X I I

X n

µδ µ
θ µ

µ
θ µ

µ θ
θ µ θ θ

µ
θ

θ µ

δ µ θ
θ

+
+ = −

−

≤ −
−

= − +
− − −

 
≤ − +  −  

= +
−

 

 

triangular inequality 
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θ


(1 )µ θ µ+ = − 
14.8 

1
2( , )p Xδ µ ≤1/(4 2)nθ = +X X X+ = + ∆

(1 )µ θ µ+ = −1
2( , )p Xδ µ+ + ≤ 

 
13.812.8 

( )( )
( )( )2

1( , ) ,
1

1                   , .
1

p p

p

X X n

X n

δ µ δ µ θ
θ

δ µ θ
θ

+ + +≤ +
−

≤ +
−

 

1 (4 2)nθ = + 
 

( ) 4 2 1,
44 1 4 2

1
2

p
n nX
n n

δ µ+ +  +
≤ +  + + 

=

 

1
2( , )p Xδ µ ≤

 
1
2

1
2

( , ) 1
4 2

p X
n n

δ µ
θ

−
= ≥

+ +
 

1
2( , )p Xδ µ + ≤(1 )µ θ µ+ = −

µ +1
2( , )p Xδ µ + ≤

( , )p Xδ µ
 

( )1 1
2 21( , )  p c aX X X X Xµδ µ − −= ∆ + ∆ 

pδ8.8 
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1 1
2 2

a aD X X X− −= ∆1 1
2 2

c cD X X X− −= ∆
µ +1

2( , )p Xδ µ + ≤ 
 

 

1 1( , )  
2p c aX D Dδ µ

µ
= + = 

 

quadratic equation1
µ

 
 

2 2
2

1 2 1 tr ( ) 0
4a a c cD D D D

µ µ
+ + − = 

 

µ + 
 


 

15.8 

0ε >0µ ° >1/(4 2)nθ = +0X ° f
1

2( , )p Xδ µ° ° ≤
6  log nn µ

ε

° 
 

X( ),S X µ
( ) 3

2tr ( , )XS X µ ε≤ 
[Dk] 

 
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9.8Dual Algorithm 


 
1 1
2 2

 

( , ) arg  minimize 

                         subject to   tr ( ) ,     
                                               

i i

n

S XSX S I

AX b i = 1,....,m
X

µ
µ

= −

=

∈S
 

0S f
( ),X S µ 

17.8
1

0
m

i i
i

XSS I y A
µ =

 
− − ∆ = 

 
∑  

18.8tr ( ) ,    1,....,i iAX b i m= = 
17.81S −

18.8 
19.8( )1 1 1

1

1 tr tr ( ),   1,....,
m

i i j j j
i

y AS A S b A S j m
µ

− − −

=

−
∆ = + =∑  

 
1 1
2 2( , )( , )d

S X S SS Iµ
δ µ

µ
= − 


SX

dµ 
20.8( )1 1 1 1

2 2 2 2

1

1 ,
m

i i
i

S S I S X S S S y Aµ
µ =

 
∆ = − = ∆ 

 
∑، 

y∆19.8S∆ 

1

m

i i
i

S y A
=

∆ = − ∆∑ 
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 
 

16.8 
 ( , )S y° ° 
µ °1

2( , )dS S µ° ° ≤ 
0ε > 

1/(4 2)nθ = + 
 ,S S µ µ° °= =  

  nµ ε> 
12 ( , )S S SX S Sµ µ= − 

(1 )µ θ µ= − 
 

 
 


15.8 

( , )X S µ


17.8 

1
( , ) 0 0

m

i i
i

X S S y Aµ
=

≥ ⇔ + ∆∑ f 
( , ) 0X S µ f

( )( , ),X S Sµ 
tr ( ( , ) )  tr ( )X S S S Sµ µ= − ∆ 

20.8 
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108Large Update Methods 
µ


µ ، 

µ  

( )tr XS
n n

µ
υ

=
+

 

( )S ri∈ DX ∈P
1υ ≥

 
 

17.8 
  ( ), ( )X S ri° ° ∈ ×P D 
0 0µ >1

0 2( , )d Sδ µ° ≤ 
0ε > 

1υ ≥ 
  0, ,  X X S S µ µ° °= = = 

  ( )tr XS ε>   

                                       ( )12 ,S S SX S Sµ µ= −  

                                           ( ), 0X S µ f( ),X X S µ= 
( )tr XS

n n
µ

υ
=

+
 

 
 
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X
 

[AF]µ
µ 

1
2( , )d Sδ µ ≤µ

(1 )µ θ µ= −
 

 

18.8 
  ( ), ( )X y ri° ° ∈ D 
1/ 2, 0τ τ= > 

 µ °( , )d Sδ µ τ° ≤o 
0ε >0 1θ< < 

     ,  , S S y y µ µ° °= = = o 
     ( )tr XS ε> 

  ( , )d Sδ µ τ≤ 
( )1µ θ µ= − 

( , )d Sδ µ τ> 
( ),S y∆ ∆α 

S S Sα= + ∆ 
y y yα= + ∆ 

 
 

 
( )arg   minimize  ,d y y S Sµα α α= + ∆ + ∆ 

o b e i k a n d l . c o m 
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( )1Oθ =
( )O nL(1/ )O nθ =

( )O nL[RTV] 

17.8 
19.8 

 
( )tr

 log
X S

O nυ
ε

° °  
  

    
 

( )( ), ,X S Sµ ∈ ×P D( )( )tr ,X S Sµ ε≤ 

[Ye]  

 
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