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17Introduction 
 

0µ >
analytic curve µ


0µ →


 
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27 
Existence and Uniqueness of the Central Path        

 

8.6
 

 

1.7
1

tr ( ) ,  0,    1,...,

,   0

i i
m

i i
i

AX b X i m

y A S C S

XS Iµ
=

= = 

+ = 

= 

∑

f

f 

 

0µ >centrality conditions
0µ =8.6

1.70µ >
( ) , ( ) , ( )X S yµ µ µ

µ
 

 

minimize     ( )
subject to   tr ( ) ,    1,...,

0
i i

p X
AX b i m
X

µ

= =

f
 

 

1( )  tr ( ) log  det  p X CX Xµ µ= −
primal log-barrier functionP

pµKKT
 

1

1

1 ˆ( )  tr  

tr ( ) ,       1,...,
0

m

i i
i

i i

p X C X y A

AX b i m
X

µ µ
−

=

∇ = − =

= =

∑

f
 
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
1

 S=  
m

i i
i

C y A
=

−∑ˆi iy yµ=

1.7
pµP0µ >pµ

pµ 
level setspµcompact


*

pX
1.7 

2.7   * * 1( ) ,  ( )= ( )p pX X S Xµ µ µ −= 
( )S µ2.7

 


 

1( , )  log  det( ),   ( , )Td S y b y S y Sµ µ
= + ∈D 


 


pµdµ

 
:fµ +× → ¡P D 
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 
 

1

( , ) ( ) ( , ) log( )
1 1              tr ( ) log  det( ) log  det( ) log( )

              tr log  det

( ) ( )              log

T

n
i i

i

f X S p X d S y n n

CX b y X S n n

XS XS n

XS XS n

µ µ µ µ

µ
µ µ

µ µ

λ λ
µ µ=

= − − −

= − − − − −

   
= − −   

   
  

= − −  
  

∑

 

( )i Aλi A
* *( , )X Sfµ*X*S

pµdµ
( , ) 0f X Sµ =XS Iµ= 

fµ
1.7( , )f X Sµ

 
 

1

( )( , ) 1
n

i

i

XSf X Sµ
λ

ψ
µ=

 
= − 

 
∑ 

 

( ) log(1 )t t tψ = − +fµ
pµ  dµfµ




 
 
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
fµ 

 

1.7 


 

{ }( , )  tr ( )G X S XSα α= ∈ × ≤P D 
0α ≥ 

 
( , )X S° °

( , )X S Gα∈0α ≥1.6 
 

3.7  tr (( )( )) 0X X S S° °− − = 
tr ( ) 0XS ≤3.7 

 

tr ( ) tr ( ) tr ( )XS X S X Sα° ° ° °+ ≤ + 

X°S°
 

 

tr ( ) tr ( )XS X Sα° ° °≤ + 
 

 
 

min

tr ( )tr ( )
( )
X SX
S

α
λ

° °

°

+
≤ 
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min ( )Sλ °eigenvalueS°
Xtr ( )X X≤

Frobenius norm 
 

min

tr ( )
( )
X SX
S

α
λ

° °

°

+
≤ 

SGα
PD

tr ( ) tr ( ) TXS CX b y= −×P D 

2.7 


 

[Dk] 

3.7Analyticity of the Central Path 


×P D
 

 

3.7 
: n m mf + →¡ ¡nw∈¡

mz∈¡ 
1 nw∈¡mz ∈¡( , ) 0f w z = 
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2 Jacobianfz
nonsingular( , )w z 

n
wS ⊂ ¡wm

zS ⊂ ¡z
: w zS Sφ →( )z wφ=( , ( )) 0f w wφ =

ww S∈ 
 

4.7  1( ) ( , ( ))  ( , ( ))z ww f w w f w wφ φ φ−∇ = −∇ ∇ 
[Di] 

 

3.7implicit function theorem

 
 

4.7 
 

: ( ( ), ( ), ( ))f X y Sµ µ µ µ µ→ 
0µ > 

5.7  2

0 0
( , , ) ( , , , ) 0

0

T
n

n n

A
X y S f X y S t I

S I I X
µ

 
 ∇ =  
 ⊗ ⊗ 

 

 
[ ]1A = vec(A ),......, ( ) T

mvec A 
nIn⊗

kroncker 
[De] 

 
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3.7
tangential direction 

5.7 4.7


( , )X S ∈ ×P D( , )X S
 

 

4.7Limit Points of the Central Path 


 
 

5.7 
* *X ∈Pmaximal optimal 

complementarity 
* *( ) ( )      X X X⊂ ∀ ∈R R P 

 

( )XRX* *S ∈D
 

 

* *( ) ( )     S S S⊂ ∀ ∈R R D 
 

* *( , )X S* * 0X S+ f
* *( , )X S 


µ
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
 

{ }0 tµ←0,   1,....t tµ > =
{ }( ), ( )t tX Sµ µ


 
6.7 

0µ > 
 

{ }( ), ( ) : 0X Sµ µ µ µ< ≤  
 

×P D 
 

1.7tr ( ( ), ( ))X S nµ µ µ≤
µ µ≤ 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

T
t t t t

T
t t t t

X Q Q
S Q Q

µ µ µ µ

µ µ µ µ

= Λ

= Σ
 

 

spectral decompositions( )tX µ
( )tS µ6.7( )tX µ( )tS µ

( )tQ µt
( )( ) ,  ( ) ,  ( )t t tQ µ µ µΛ Σ

* * *( , , )Q Λ Σ
 { }tµ 

* * *lim  ( )  , lim  ( )  , lim  ( )t t tt t t
Q Qµ µ µ

→∞ →∞ →∞
= Λ = Λ Σ = Σ 
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( ) ( )t t Iµ µ µΛ Σ = 

6.7   
* * *

* * *

ˆ lim ( )

ˆ lim ( )

T
tt

T
tt

X Q Q X

S Q Q S

µ

µ
→∞

→∞

= Λ =

= Σ =
 

* * 0Λ Σ =ˆˆ( , )X S 

7.7 
ˆˆ( , )X S6.7 

[Dk] 
 

 
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 
 

1.7[ ]1 0 0 ,  3b n m= = = 

1

2 3

0 0 0 1 0 0
0 0 0 ,  0 0 0 , 
0 0 1 0 0 0

0 0 1 0 1 0
 0 1 0 ,  1 0 0

1 0 0 0 0 1

C A

A A

   
   = =   
      
   
   = =   
      

 

2.7
 

3.7Gα1.70.2α = 

o b e i k a n d l . c o m 




