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 
  

  
Duality and Optimality  

  
••

•
•
• 

 

  
  
  
  
  
 
 
  

16Introduction 
 

conic linear programs


affine space convex cone



relative 

interior
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
 

subclass



n¡

Lorentz Cone









 








 
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2.6 Problems in Standard Form  

 

1.6
minimize         tr ( )
subject to         tr ( )  ,   1,....,

                               
i i

n

CX
AX b i m
X +

= =

∈ S

 

n
+S

 

2.6
1

minimize         

subject to         

                                ,  .

T

m

i i
i

m
n

b y

y A S C

S y
=

+

+ =

∈ ∈

∑
¡S

 

X( , )y S


 
{  tr ( ) ,  0,  1,..., }i iX AX b X i m= = =fP 


 

m

=1
{( , )  y  ,  0 ,  }m

i i
i

y S A S C S y= + = ∈∑ f ¡D 

 
 

* *{   tr ( ) }X CX p= ∈ =P P 
 

 

* *{( , )   }TS y b y d= ∈ =D D 
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*p*d1.62.6
*p = −∞

*p = ∞
(  )= ∅P 

1.62.6*P*D
2.61.6 

 

*

0 1

0 1

min    max   tr ( ) (tr ( ) )

 min    max    tr ( )

m

m

m

i i iX y i

m
T

i iX y i

p CX y AX b

b y C y A X

∈ =

∈ =

 
= − − 

 
 

= + − 
 

∑

∑

f ¡

f ¡

 

1.6
 

3.6 T

0 1
max   b min   tr ( )

m

m

i iXy i
y C y A X

∈ =

  
+ −  

  
∑f¡

 

3.6 

1
tr ( ) 0        0

m

i i
i

C y A X X
=

 
− ≥ ∀ 

 
∑ f 

 

1
0  .

m

i i
i

C y A
=

−∑ f 
 

3.6
3.6

 
T

1
max   b 0   .

m

m

i i
y i

y C y A
∈ =

 
− 

 
∑

¡
f 


1

m

i i
i

S C y A
=

= − ∑2.6 
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
iAy

S
S ∈Dy∈DS ∈D( , )y S ∈D




( 1,..., )iA i m=
( ) ( 1,..., )ivec A i m=( )b vec B=B


 
strict 

feasibilityX ∈PS ∈D0X f0S f



 


relative interiorn

+S


 
 

( ) {( , ) | 0, 0}ri X S X S× = ∈ × f fP D P D  
 

( )ri PP
* ≠ ∅P* ≠ ∅D* *p d=

o b e i k a n d l . c o m 
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1.62.6
 

1.6 
( ), ( , )X y S ∈ ×P D( ), ( , )X y S° ° ° ∈ ×P D

 
X X X °∆ = −S S S °∆ = −tr ( ) 0X S∆ ∆ = 

 
S∆D 

( )
1

  
m

i i i
i

S y y A°

=

∆ = −∑ 

{ }1  ,...., mS span A A∆ ∈X∆P 
tr ( ) tr ( ) tr ( )  ,  1,...,i i i i iA X AX AX b b i m° °∆ = − = − = 

 
{ }1  ,...., mX span A A ⊥

∆ ∈ 
S∆nS

{ }1,...., mA AX∆ 
{ }1,...., mA A 

{ }1,...., mspan A A=L 
( )X ri∈ PX
X∆XX ⊥∆ ∈L
S∆( )S ri∈ DS∆ ∈L

0α >X Xα+ ∆ ∈P
S Sα+ ∆ ∈DX Xα+ ∆S Sα+ ∆

 
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


nM ∈Str , 1, ,i iAM b i m= = …
tr 0CM =1.6 

 

4.6 * min   {tr ( )  ,  0}
X

p CX X M X⊥= ∈ + fL 
 

 

5.6  * max   {tr ( )  ,  0}
S

d MS S C S= − ∈ + fL 
X ∈PX4.6

S ∈DS5.6
tr ( )Tb y MS= −

1

m

i i
i

S C y A
=

= − ∑ 

3.6 Weak and Strong Duality 


 
2.6 

X ∈P( , )y S ∈D 
6.6  tr ( ) TCX b y− 

( , , )X y S 
( , , )X y S

 

1

1

tr ( ) tr ( )

tr ( )

tr ( ) 0

m
T

i i
i

m

i i
i

CX b y y A S X

y AX

SX

=

=

 
− = + 

 

−

= ≥

∑

∑ 

 
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0X f0S f


 

3.6 
X ∈P  ( , )y S ∈D 

 

 

7.6  tr ( ) tr ( ) 0TCX b y SX− = ≥ 
 

 
 

 

4.6 


* *p d= 
*P*D

*D
 

5.6 
[VB]

* = ∅P
 

 
2

2

1 2

maximize    ,    
1 0 0 0 0 1

subject to  
0 1 0 1 1 1

y y

y y

∈

     
+     

     

¡

≺
 

 
 
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2max   1y =


 
 

12

12

0 1
minimize   tr 

1 1

0
subject to  0.

1

X

x
X

x

  
  

  
 

=  
 

f
 

 

0X f12 0x = 
 

* 0 0
0

0 1
X

 
=  

 
f 

* = ∅P 
 

1.6
2.6

* ≠ ∅D* ≠ ∅P


[Dk] 

6.6 
*d < ∞2.6* ≠ ∅P

* *p d=*p > −∞1.6
* ≠ ∅D* *p d= 

[Dk] 


 
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7.6 


* *p d= 
 

3.6*d*p6.6
 

4.6 Feasible Solutions  


 
8.6 

improving ray
0X f ( ) 0 , 1,...,itr AX i m= =

 (C ) 0tr X ≺
my ∈¡

1
 0

m

i i
i

S y A
=

= − ≥∑0Tb y > 


 

9.6 
y

X
 

 
 
 

o b e i k a n d l . c o m 



 

 

113 
 

 
yX

 

1
0  ( ) ( ) 0

m
T

i i
i

b y tr AX y tr XS
=

< = = − ≤∑ 

 
10.6 

strongly infeasible


 



weak 

infeasibility  
11.6 

= ∅P
0ε >0X f 

 

tr ( ) ,i iAX b iε− ≤ ∀ 
= ∅D

0ε >my ∈¡0S f 

1
 

m

i i
i

y A S C ε
=

+ − ≤∑ 
 
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12.6 


2n =1m = 
 

[ ]1

1 0 0 1
, , 1

0 0 1 0
TA C b

   
= = =   

   
 

 

 
 

1

1

maximize    
1 0 0 1

subject to  
0 0 1 0

y

y S   
+ =   

   

 

 

ε 
 

1

1 1 1  ,   
1

S yε
εε

 
 = −
 
 

 

 

1 1

11 0 0 111.  
0 0 1 01

y A S C εε
ε ε

     + − = − + − =        

 

 

13.6 





 
[Dk] 
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





 
14.6 

 
 

( ) ,       =1,2,...kX k 
 

 
( )

( )

lim  min tr ( ) 0       1,.......,

lim  max   tr (  ) 1

k
ik

k

k

AX i m

C X
→∞

→∞

= =

= −
 

 

 
 

( ) 0,       =1,2,...kS kf( )k my ∈¡( ) 0kS ≥ 
 

( ) ( )

1

( )

lim  min 0

lim  min  1

m
k k

ik i

T k

k

S y A

b y

→∞
=

→∞

+ =

=

∑ 

 

 
15.6 



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
 

[Dk] 

5.6 Optimality Conditions 
3.6*X ∈ P*S ∈D

* *( , )X S
* *tr ( ) 0X S =* * 0X S =* 0X f

* 0S f
 

 

8.6   
1

tr ( ) ,  0 ,  1,....,

 ,  0

0

i i
m

i i
i

AX b X i m

y A S C S

XS
=

= ≥ =

+ = ≥

=

∑ 

0XS =complementarity condition


complementary 
7.6


 

16.6 


8.6 

7.6 
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
*X*S* * 0X S+ >


 

17.6 
[Ali2][ ]1 0 0 ,  3b n m= = = 

1 2 3

0 0 0 1 0 0 0 0 1 0 1 0
0 0 0 ,  0 0 0 ,  0 1 0 ,  1 0 0
0 0 1 0 0 0 1 0 0 0 0 1

C A A A
       
       = = = =       
              

 

 

* * *

1 0 0 0 0 0
0 0 0 ,  0  ( 1, 2,3),  0 0 0 .
0 0 0 0 0 1

iX y i S
   
   = = = =   
      

 

*X0C ≥ 
tr ( ) 0     CX X P∀ ∈f 

* *( , )X S
 

 
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 
 

16176 
2.6[ ]1 0 0 ,  3b n m= = = 

 

1

2 3

0 0 0 1 0 0
0 0 0 ,  0 0 0 , 
0 0 1 0 0 0

0 0 1 0 1 0
 0 1 0 ,  1 0 0

1 0 0 0 0 1

C A

A A

   
   = =   
      
   
   = =   
      

 

 

 


 

3.6L⊥L 
4.6 

 

2n =3m = 

[ ]1 2 1 Tb =1 1
1 0

C
 

=  
 



1 2 1

1 1 1 0 1 1
, , ,

0 0 0 0 1 0
A A A

     
= = =     

     
 

 
 

5.63.6 
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6.6 
2

1 2

1 2

maximize    ,    
1 0 0 0 0 1

subject to  
0 1 1 1 1 0

y y y

y y

+ ∈

     
+     

     

¡

≺
 

 
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