
  

 

 
 
 

 
 
 

 
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 
   

 
  

From Linear Programming to 
 Semi-Definite Programming  

  
••

•
 •• 

•
•                 

  
 
 

15Introduction 
 

semidefinite programming 





 
 
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 

 tr ( )C X CX• = 
n n×CX

trtrace
 

 

 1,......,i m=       tr ( ) ,i iAX b= 
iAib


XX
X0X f 

n
+S

 
 

minimize tr ( )
subject to       tr ( ) , 1,......,

0
i i

CX
AX b i m

X
= =

f
 

 

 
 

1

maximize

subject to       

0,

T

m

i i
i

m

b y

y A S C

S y
=

+ =

∈

∑
f ¡

 
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


, ,X y S 

1 1
tr ( ) tr tr ( )

tr ( ) 0

m m
T

i i i i
i i

CX b y S y A X y AX

SX
= =

  
− = + −  

  
= ≥

∑ ∑ 

tr ( ) 0SX ≥0X f
0S f 

( , , )X y S
 

tr ( ) tr ( ) 0TCX b y SX− = = 





strong duality






0X f0S fslater 

constraint qualificationslater regularity 

condition 
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25 
 In the Important of Semi Definite Programming 

 

• 


 

• 
 

• 





 

 

35 
Special Cases of Semi Definite Programming      

X
0X fX



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shcur complement
 

( ) ( ) ( ) 0, ,T T nAx b Ax b c x d x+ + − + ≤ ∈ ¡ 
 

0
( )T T

I Ax b
Ax b c x d

+ 
 + + 

f 

 
2

1

( , )
n

i
i

t x t x
=

  ≥ 
  

∑ 

arrow matrix
 

 

 

  
2( )minimize

subject to       

T

T
c x
d x

Ax b≥
  

0Td x >Ax b≥
 

 
minimize
subject to

0
          0 0

0 0 ( )

T

T T

t

t c x
c x d x

Diag Ax b

 
 
 
 − 

f

 
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
eigenvalues

[VB]
max ( )Aλ

Amax ( )t Aλ≥
0tI A− f 

minimize
subject to 0,

t
tI A t− ∈f ¡

 

[JRT] 

45Applications 


 

MAX-CUT 


graph ( , )G V E=
( , )i j0, ( )ijw i j≥ ≠ 

G


Non 

defect edges

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
 

[GW]


Boolean quadratic optimization problem


V
{ 1,1}− 

   

 

 
   

1,.....,   i V=  VV.
( , )i j E∈ 

 

 
 
 

 

 

1.5 
{ 1,1} { 1,1}

1 1 MC= max  (1 ) =  max   ,
2 4V V

T
ij i j

x xi j
w x x x Lx

∈ − ∈ −<

−∑ 

L 

( )L W Diag We= − + 

1

1
ix


= 
−

 
 i   

 

 i   

1

1
i jx x


= 
−

 
( , )i j    

 

( , )i j  
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W
e 

L
Laplacian of the graphL

diagonally dominant 

1.5
 

1tr ( )T Tx Lx Lxx=trace operator  

2TX xx= 

3TX xx=2 1ix = 

4TX xx= 


 

 

2.5

1MC MCR maximize tr ( )
4

subject to ( ) 
 0

LX

diag X e
X

≤ =

=
f

 

[GW]
2.5 
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 


¡


 

( )p x
n¡ 

3.52

1
( ) 

rn

i
i

p x x
=

 
 
 
∑ 

 

r
( )p x[Po]

17Hilbert problem 17th 

r
3.5


Acopositive 

2 2( )  0    n
A ij i j

ij
p x a x x x= ≥ ∀ ∈∑ ¡ 

 

0     T nx Ax x +≥ ∀ ∈¡ 

o b e i k a n d l . c o m 
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n
+¡


( )2

1
( )  

rn
A ii

p x x
=∑

1r ≥[Pa] 

 




[BGFB]
[BW]

[VB][Ol]





3.5 


[VB] 


 

1 
 

o b e i k a n d l . c o m 
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2 
 





[BGN]

[BN]
[AW,AF,Alh] 

55Interior Point Method 




 


[Kh]1979





[Kr]1984


[Go]


1992

o b e i k a n d l . c o m 
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[RTV]



large scale problem[LMS,AA] 


[Ali1]1991

[NN]1994
[NN]

conic formulation 
 

( )
minimize
subject to     

Tc x
x b∈ + ∩L C

 

L,   n nb c ،∈¡ ¡C
nonempty interior 

 

( ) *

maximize

subject to       

Tb y

y c⊥∈ + ∩L C
  

⊥LLn¡*C
C 

{ }* , 0 .x x y y= ≥ ∀ ∈C C 

o b e i k a n d l . c o m 
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


 

{ },  0 ,n nX X X+ = ∈ fS S 

nSn n×[NN]



smooth

Lipschitz condition
 




C
 

1
( )  log( )n

ii
f x x

=
= −∑ 

n¡
 

 

( )  log  det( )f X X= − 



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
* *( ,  )X Sε

* *tr ( )  X S ε≤0ε > 

 

primal log-barrier 

methods 

minimize tr ( )   log  det( ) 
subject to tr ( ) , 1,...,i i

CX X
AX b i m

µ−
= =

 

µ
[Fa][HDRT,AF]

0X f0X f
µ


 


 


1

minimize    log  det  

subject to

T

m

i i
i

b y S

y A S C

µ

=

−

+ =∑
 

µ 



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


 




 

tr ( ) tr ( ) TCX b y XS− = 
 

 

 log  det( ) log  det( ))  log  det( )X S XS− + = − 

 
 

4.5

i
i=1

minimize tr ( )   log  det( )
subject to

tr ( ) ,   

y

i i
m

i

XS XS

AX b i

A S C

µ−

= ∀

+ =∑

 

 

4.5 
 

 

5.5

tr ( )  , 1,....,

 

      
,       0

i i
m

i ii

AX b i m

y A S C

XS I
X S

µ

= = 


+ = 


= 



∑

f

 

 
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
0µ =5.5

 ( 1,...., )iA i m=linearly 

independent
( ), ( ), ( )X S yµ µ µ

µ


 


 

 

5.5µ
X∆S∆

0 ,  0X X S S+ ∆ + ∆f f 
 

 

6.51

tr ( )  0, 1,....,

 0

( )( )  
  

i
m

i ii

T

A X i m

y A S

X X S S I
X X

µ
=

∆ = = 


∆ + ∆ = 


+ ∆ + ∆ = 
∆ = ∆ 

∑ 

 

6.5
overdetermined 
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6.5
least squares

Gauss-Newton method
[DPRT,KMRVW] 

[Zh]
6.5 

7.5( ) ( )P PH XS X S I H XSµ∆ + ∆ = − 
 

PH 
11( )      

2
T T T

PH M PMP P M P− − = +  

M Scaling matrix P
P 

 

 

 

 

 

 
 

15 P 
 

P  

I 
1 
2X

−
  

1
2S 

1 1 1 1 1 1
2 2 2 2 2 2[ ( ) ]X X SX X− 

 

[AHO] 

[Mo,HRVW,KSH] 

[Mo,KSH] 

[NT] 
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6.57.5
TX X∆ = ∆

X∆
[SSK] 

1 1 1 1 1 1
2 2 2 2 2 2[ ( ) ]X X SX X−1.5

[NT]0 , S 0X f f
D 

2   ( ) .f D X S∇ = 
2   ( )f D∇ 

2 1 1  ( ) :  .f D X D XD− −∇ a 
X DSD=

2D P=
1 1P XP PSP− − = 


 

µ
µ


[Ji] 
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µ
predictor-corrector methods[AHO,PS]

 


 [St] SeDuMiSDPT3

[TTT] 


[NT] 


Mbig-M [VB]

[KSS,PS]
 

Membed



self-dual embedding


[GT]


[YTM] 



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[DRT][LSZ]
[PS]

 

[NN] 


[VB]
1995


[Ali2,RP,Go]

[Ali2][RP]


spectrahedra


[LO]


[WSV]
2000 
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 
 

 1.5 
2( )T

T

c x
d x

 minimize 

 Ax b≥  subject to                                      
2.5[ ]1 0 0 ,  3b n m= = = 

1

2 3

0 0 0 1 0 0
0 0 0 ,  0 0 0 , 
0 0 1 0 0 0

0 0 1 0 1 0
 0 1 0 ,  1 0 0

1 0 0 0 0 1

C A

A A

   
   = =   
      
   
   = =   
      

 

 

 

* * *

1 0 0 0 0 0
0 0 0 ,  0  ( 1, 2,3),  0 0 0 .
0 0 0 0 0 1

iX y i S
   
   = = = =   
      

 


 

3.52.5 
tr ( ) tr ( ) 0TCX b y SX− =   ؟=
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