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 
  

 
Linear Programming  

  
••

•
•
••

•
•

•
•

 
 

11Introduction 


objective function


constraints
 

 
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11 
 

2
1 2

1 2

2

minimize      

subject to    3
1

z x x
x x

x

= +

− =

≥

 

 

        Optimization 
z   x1 x2  

        x1 x2    
 

 
 

( )

( )
( )

( )

1 2

1 1 2 1

2 1 2 2

1 2

optimize       , , ,
subject to

, , ,

, , ,
   

, , ,

n

n

n

mm n

z f x x x

g x x x b
g x x x b

bg x x x

=

 
 ≤ 
 = 
 ≥ 



…

…

…
M M

…

 

  

 optimize minimize 
   maximize  

 

1940



1940–1960
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
 


 

1 
2MTBE 
3 
4 
5 

 
1Data fitting  
2 

 
















o b e i k a n d l . c o m 
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( )v l ti i i= φ ( )φ ti


 


1 2( , , , )nf x x x…1 2( , , , )i ng x x x…( 1, 2, , )i m= … 

 

1 2 1 1 2 2( , , , )n n nf x x x c x c x c x= + + +… L 
 

1 2 1 1 2 2( , , , )i n i i in ng x x x a x a x a x= + + +… L 
 

 cia ij( 1,2, , ; 1, 2, , )i m j n= =… …  
 ci  cost coefficients     

 




 
 

 

minimize      ( )
subject to    

0

Tf x c x
Ax b

x

=
≥
≥

 

 

xn¡cAm n×
bm¡( )f x  Ax b≥

 

o b e i k a n d l . c o m 
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       0x ≥ 0x ≥ 
x 

21Some linear programming models  



 

 
21 







 


 



 




 


 

 




 


 

5 600 000, 120 800 30 x 
2 200 000, 60 600 12 y 

11 
18 000 000, ,4500

42 000, 
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 
 

                

maximize 30 12
subject to 800 600 42,000

120 60 4500
600,000 200,000 18,000,000

0, 0

x y
x y
x y

x y
x y

+
+ ≤
+ ≤

+ ≤
≥ ≥

      

45, 15y x= =
300 2m 

The Diet Problem 


n m

a ij
ijbi

i  c j
j x j

 j   

1

1

minimize      

subject to    , 1, ,

0, 1, ,

n

j j
j

n

ij j i
j

j

c x

a x b i m

x j n

=

=

≥ =

≥ =

∑

∑ L

L

 
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2.1
  

 

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

minimize 2 3
subject to 10 15 10 20

100 10 10 50
10 100 10 10

, , 0

x x x
x x x
x x x

x x x
x x x

+ +
+ + ≥

+ + ≥

+ + ≥
≥

 

 

x1x2x3
 

 
 


 


 

 

    
 

A 10 15 10 20 
B 100 10 10 50 
C 10 100 10 10 

 2 3 1  
2.1 

The Production Problem 

nm

a ij

 ijbi
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ic j j 

x j j  

1

1

maximize     

subject to    , 1, ,

0, 1, ,

n

j j
j

n

ij j i
j

j

c x

a x b i m

x j n

=

=

≤ =

≥ =

∑

∑ L

L

 

 

 
 

 
   

    
 

 3 4 2 57 
 2 1 2 27 

 4 5 4 73 


 
160 210 100  

3.1 

   
 

160 210 1001 2 3x x x+ +      maximize 
subject to                                                                 

3 4 2 57
2 2 27

4 5 4 73
0

1 2 3

1 2 3

1 2 3

1 2 3

x x x
x x x

x x x
x x x

+ + ≤
+ + ≤

+ + ≤
≥, ,

 
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 x1   x2   x3 
 

3.1Convex sets  




         



 

3.1 
nC ⊂ ¡ 

x x C1 2, ∈[0,1]λ ∈λ λx x C1 21+ − ∈( ) 

λ λx x1 21+ −( )
x x1 2,Cx x1 2,C

C
{ }x Ax b=:{ }x : Ax= b,x 0≥

K K Kr1 2, , ,…n¡
 

K K Kr1 2∩ ∩L∩ 
Hn¡ 
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4.1Hyperplane and halfspace   

     n¡       2¡
3¡ 

4.1 
Hn¡ 

1.1    { }TH x : p x k= = 

pn¡kp
Hx H∈opx k=ox H∈

px k=( ) 0T
op x- x =

H
( ) 0T

op x- x =oxH
  

Hn¡

 

 

{ }Tx : p x k≥ 
 

{ }Tx : p x k≤ 
n¡ox

 
( ){ }0T

ox : p x- x ≥ 
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 
( ){ }0T

ox : p x- x ≤ 
 

 

  

1.1 
  

 

5.1 Convex cones 

        
 
5.1 
K 

 x Kλ ∈ x K∈ 0λ ≥ 


λ = 0x K∈xλ
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 K
 

6.1Polyhedral Cones 



T

i ia x b≤
1, ,T

i ia x b i m≤ = …
{ }x : Ax b≤Am n×

 
 

− + ≤
+ ≤

≤
≥ ≥

2 4
3
2
0 0

1 2

1 2

1

1 2

x x
x x

x
x x,

   


 

 
2.1 
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7.1Extreme points  


 
6.1 

x x xm1 2, , ,…C x
x x xm1 2, , ,…x

 
2.1                        x x x xm m= + + +λ λ λ1 1 2 2 L  

λ λ λ1 2, , ,… m 

λ λ λ1 2 1+ + + =L m 
7.1 
xCC

xC
x x x= + −λ λ1 21( )[0,1]λ ∈x x C1 2, ∈

x x x= =1 2 
8.1 

Kx x xm1 2, , ,…
x K∈

 

 

 

o b e i k a n d l . c o m 
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8.1Geometric Solution  




 
 9.1  

   

                        − −x x1 23  minimize          
subject to                                            

x x
x x

x x

1 2

1 2

1 2

6
2 8

0

+ ≤
− + ≤

≥,
  

  

feasible solutions 


  
 

  
3.1 
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     
   − + =x x1 22 8x x1 2 6+ =







            
       

  c−        
    1 2  ( )4 314 3/ , /

 
 

 

101 
 

                   z c x c x c xn n= + + +1 1 2 2 L  maximize (or minimize)      
    subject to                             

3.1                      
b

b

bm

1

2

M













≤
=
≥

a x a x a x
a x a x a x

a x a x a x

n n

n n

m m mn n

11 1 12 2 1

21 1 22 2 2

1 1 2 2

+ + +
+ + +

+ + +











L
L

M
L

                                      

i n= 1, ,L             xi ≥ 0  
  



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
 

 

9.1 
 Canonical form for linear programming 







 
  

4.1                  

1 1 2 2

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

minimize
subject to

0, 1, ,

n n

n n

n n

m m mn n m

i

c x c x c x

a x a x a x b
a x a x a x b

a x a x a x b
x i n

+ + +

+ + + =
+ + + =

+ + + =
≥ =

L

L
L

M
L

L

  

 

4.110.1
a b cij j i, ,xi

4.1
 

minimize      ( )
subject to    

0

Tf x c x
Ax b

x

=
≥
≥

 
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maximize
minimize′ = −z z 

 11.1 
 

             z x x= −3 21 2        maximize    
                                      subject to      

2 1
3 2 3

1 2

1 2

x x
x x

− ≤
+ ≤

  

x x1 20 0≥ ≥,  

 
            ′ = − +z x x3 21 2        minimize   

                                       subject to      
2 1

3 2 3
1 2

1 2

x x
x x

− ≤
+ ≤

  

x x1 20 0≥ ≥,  
  z  ′zz

′z 

10.1 
Non Canonical form for linear programming 


 

The Slack Variables 
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 

1 1 2 2

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

minimize
subject to

0, 1, ,

n n

n n

n n

m m mn n m

i

c x c x c x

a x a x a x b
a x a x a x b

a x a x a x b
x i n

+ + +

+ + + ≤
+ + + ≤

+ + + ≤
≥ =

L

L
L

M
L

L

 

  
  

  

mnnn xxx +++ ,,, 21 L 
 

 

  

1 1 2 2

11 1 12 2 1 1 1

21 1 22 2 2 2 2

1 1 2 2

minimize
subject to

0, 1, ,

n n

n n n

n n n

m m mn n n m m

i

c x c x c x

a x a x a x x b
a x a x a x x b

a x a x a x x b
x i n m

+

+

+

+ + +

+ + + + =
+ + + + =

+ + + + =

≥ = +

L

L
L

M

L
L

  

 
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 Surplus Variables  


  
1 1 2 2

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

minimize
subject to

0, 1, ,

n n

n n

n n

m m mn n m

i

c x c x c x

a x a x a x b
a x a x a x b

a x a x a x b
x i n

+ + +

+ + + ≥
+ + + ≥

+ + + ≥
≥ =

L

L
L

M
L

L

 

 

      
  

 

1 1 2 2

11 1 12 2 1 1 1

21 1 22 2 2 2 2

1 1 2 2

minimize
subject to

0, 1, ,

n n

n n n

n n n

m m mn n n m m

i

c x c x c x

a x a x a x x b
a x a x a x x b

a x a x a x x b
x i n m

+

+

+

+ + +

+ + + − =
+ + + − =

+ + + − =

≥ = +

L

L
L

M

L
L

 

 

Free Variables 


x j
 

   x j µ νj j, 
 

x j j j= −µ ν ,  
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n +1 
 x x x x xj j j j n1 2 1 1, , , , , , , ,… …− +µ ν  

   x j  µ νj j,    
 
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 
 

1.1   mx j
 

1 1 2 2i i ij j in n ia x a x a x a x b+ + + + + =L L 
x j 

2.1
B, AC

 
 

 1 2 3 4 
 A 30 20 40 20 
B 20 60 30 40 
C 40 15 25 30 

 20 30 20 15 
 

20A30
 B   20  C  

122030


 
3.1 

 2 31 2x x+ maximize 
                    subject to    
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+ ≤
+ ≤

≥
 

    
 

4.1  
 , 0x ≥ Ax= bsubject toTc xminimize             

       
 

5.1 
x x x1 2 3+ +   minimize                    

                                        subject to    
  

 x x
x x

1 2

1 3

1
2 3

+ ≤
+ =

 

 
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