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Sequences and Series  

)�.� ( ��	
����[Sequences]  

 ����� ���	
� � �������� ������� ����� ������  ��  !" # $��%& �%'()
*(��� . ��,�		� -.�� *� /0	1 2�� $��%3� 4� �%'(5 6(71)����		� "&(  4�

 $"�: ��,�		�� �!��% 6(71 �(
 -$��%3�)terms (��,�		�� .-�;<(=  
3, 7, 11, 15,…  

 ' >"3� ��� ��,�		�3 ?�<�� ��� - '7 ' @��<�� ��� -11 ��A" . 4�
B�	�� 'C��� 6D% ��,�		�� E�  !" 4A(��:  

 " ' ��,�	(D� >"3� �H�3 ���IJ ��K� �D1 2�� �$"�� 4� �� L
"4  4%
M� N,�7�� �H� " ' O��P� �H� �'A� ��Q"19  ' R$�7�� �H�"23 ��A" .

B�	�� 'C��� 6D% ��,�		��  ���1 4A(�� 4�":  

���	�  

�0S'�� �C�CT�� $��%3� �U�5 ���$ � $��%3� ��,�		� . $���� V�'! 6(71
 W�CT��n ?'��� �H� -)X���� �H� "& ( K����, M� K��� V$�%" ��,�	(D�na.  
 -�;<(=1 3a = -2 7a = -3 11a = -4 15a = E;%& ���I�� ��,�	(D� . Y�Z
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B�	�� 'C��� 6D% ��,�		�� E�  ���1 4A[ M\&:  

1 3a =  "1 4n na a −= +  LA�2n ≥.  
 �,�	A, ��,�		�� 4% ]0�	�� 4A[{ }na �̂'� ��,�		�� �& _�� ��" �H� X��`	a�, V�

 X����na . ��,�	(D� b"3� �7(P� $"�H� -�;<(={ }15 ( 2)n− − �:  
1

2

3

4

5

15 ( 2) 17

15 ( 2) 11

15 ( 2) 23

15 ( 2) 1

15 ( 2) 47

− − =

− − =

− − =

− − = −

− − =

  

  

)�.� ( ��
��� ��	
����[Arithmetic Sequences]  

 ��,�		� � ��,�7H� ��,�		�� �'A���	,�c ��$�% .���		� 4��� d& ., e�f�� .
 �� >'I\ -e$& V�'T,"{ }na  ��
 �g� ��,�7� ��,�		�1n na a d+ − =  LA�
 hS'� W�C! $�%n  @��d  i�	��� e�f�� 6(7� j,�c $�%

)common difference .( -�;<(={ }2 2n +  ' i�	��� ��k�= ��,�7� ��,�		�
2 �3  

1 2( 1) 2 (2 2) 2n na a n n+ − = + + − + =.  
� ��,�		�� E�U b"3� $"�H�  

4, 6, 8, 10,…  

 ' ��,�7� ��,�		� >"3� �H� �& l�f��1a  ' i�	��� e�f�� �&"d .-�m��%  

2 1

3 2 1 2

a a d

a a d a d

= +

= + = +
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4 3 1 3a a d a d= + = +  
' ��,�	(D� X���� �H� �n= ���" -��A"  

1 ( 1)na a n d= + −  
  

 ����)�(  ��,�		�� �& j0c&2, 9, 16, 23, 30,…  �S" ��,�7� ��,�		� �2011a

.  

��  

 �& �J9 2 16 9 23 16 30 23 7− = − = − = − = ���= ��,�7� ��,�		�� �n=

1 2a =  "7d =.-�g�  
  2011 1 2010 2 2010 7 14072a a d= + = + × = .  ����  

������  

 j\�
 �g�, ,a b c �n= ��,�7� ��,�		� 4� ����		� $"�� �c;c d&  

2

2

b a c b

b a c

a c
b

− = −

= +

+
=

  

 o�7H� *a'�� ' *a"3� �H� �'A� ��Q")arithmetic mean ( d��� �CD�
M�D� d��� �H�" MD0k.  

 ����)�(  j\�
 �g�3 1, , 3k k+ −  �p= ��,�7� ��,�		� 4� ����		� $"�� �c;c

 �(�kk.  

��  

 $"�H� �& �J $��%& ����		��& �q  
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(3 1) 3

2 1 3

k k k

k k

− + = − −

− − = − −
  

 �'A� ��Q"2k =.  ����  

 ����)�(  X���� �H� �Sna  ��,�7H� ��,�	(D�2��  d"�7� @��<�� ���8 
 d"�7� 4��<�� ���"17−.  

��  

�& �J3 8a =�n=  1 2 8a d+ =  )r(  
 �& �J"8 17a = − �n=  1 7 17a d+ = −  )s(  

 .	�$���� L:")r ( ")s ( �& �q5d = −  �&"1 18a =.-�g�

1 ( 1) 18 ( 1) ( 5) 23 5na a n d n n= + − = + − × − = −.  ����  

 ����) (  �& l�f��1 2, , , ka a a… NIt ��,�7� ��,�		�  

4 7 10

4 5 6 13 14

17

77

13k

a a a

a a a a a

a

+ + =

+ + + + + =

=

…  

 �(�k � ��k u  

��  

�,�Sv�  �18k = . ' ��,�		�� 4� >"3� �H� �& l�f��a  e�f�� �&"
 i�	���d .-�m��%  

4 7 10 17 ( 3 ) ( 6 ) ( 9 ) 17

3 18 17

a a a a d a d a d

a d

+ + = ⇒ + + + + + =

⇒ + =
  

��w�&  
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4 5 13 14 77

11 88 77

8 7

7 8

a a a a

a d

a d

a d

+ + + + =

⇒ + =

⇒ + =

⇒ = −

�

  

 4% x�'�	��,"a  ��$���� y3 18 17a d+ =�& ��\  
3(7 8 ) 18 17

21 24 18 17

6 4

2

3

d d

d d

d

d

− + =

− + =

− = −

=

  

 �& �q z�g 4�"2 5
7 8

3 3
a = − × =.-�{�  

13 ( 1) 13

5 2
( 1) 13

3 3
1 17

ka a k d

k

k

= ⇔ + − =

⇔ + − × =

⇔ − =

  

 -�g�18k =.  ����  

 ����)�(  4�$���� ., $��%& ��,�& L|$&3 "12  ��,�		� $��%& �	7�� �'A1 @�:
��,�7�.  

��  

 �& l�f��d ��,�		(D� i�	��� e�f�� ' .� �	7�� $��%3� -�m��%  
3,3 ,3 2 , 3 3 , 3 4 ,12d d d d+ + + +.  

�& ��\ z�g 4�  
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3 5 12

5 9

9
1.8

5

d

d

d

+ =

=

= =

  

� $��%3� �'A1 ��Q"3, 4.8, 6.6, 8.4, 10.2, 12.  ����  

)�.� ( ��!"#$ ��	
����[Geometric Sequences]  

 ��,�		� � ��a��U� ��,�		��{ }na  �H� }�w, �$"�� 4� L
 6D% LT~
 j,�c d�f! ]� $��, MI07� d���r  �
�	��� �07��� 6%��)common ratio .(

 �& d&1n na a r+ =  hS'� W�C! $�% LA�n .>�<�� L�0a 6D%  
4, 12, 36, 108,…  

 d"�71 �
�	��� ��	07\ ��a�� ��,�		�3 .�& �(
  
4, 12, 36, 108,− − …  

 d"�71 �
�	��� ��	07\ ��a�� ��,�		�3−.  

������  

 j\�
 �g�a -b -c �& ���= ��a�� ��,�		� 4� ����		� $"�� �c;c  

2

b a

c b
b ac

b ac

=

=

= ±

  

 @��ac  �a��U� *a'�� ')geometric mean ( 4�$��D�a  "c.  
 j\�
 �g�{ }na  � �
�	��� ��	07\ ��a�� ��,�		�r  ��,�		�� $"�� �& �p�=

�  
2 3 1

1 1 1 1 1, , , , , ,na a r a r a r a r −… …  
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' ��,�		(D� X���� �H� �& d&  
1

1
n

na a r −=  

 ����)%(  ��,�		��1 1
9,3,1, , ,

3 9
…  � �
�	��� ��	07\ ��a�� ��,�		�1

3
r = 

 >"3� ���"1 9a = . ' X���� �H�= ���"  
1

1 2 1 3
1

1
9 3 3 3

3

n

n n n
na a r

−
− − + −

 = = × = × =  
  

 �'A� ��Q"33 n
na

−=  LA�1n ≥.  ����  

 ����)&(  j\�
 �g�, 3 ,20k k k−  �(= ��a�� ��,�		� 4� ����		� $"�� �c;c
 �(�k �k u  

��  

�& Y�Z  
3 20

3
20

3
3

9 20

10 20

k k

k k
k

k
k k

k

−
=

−
=

= −

=

  

 -�g�2k =.  ����  

 ����)'(  ��a��U� ��,�		(D� X���� �H� �S  
6, 6 2, 12, 12 2,…  

 ���I�� 4% M	(�k ��K1 �� >"& �S #1400.  

��  

 �����1 6a =  "2r = .-�g�( )
1

6 2
n

na
−

= ×.  
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 4% ��K� d��� �H� $��v"1400  $��� }'D��� �'A�n  @��1400na > .
�& ��\ �0a�� ��� X��`	a�,  

  15 768a =-  16 768 2a =-  17 1536a =.  
 �& �q z�g 4�"17a }'D��� NI� �� >"& '.  ����  

������  

 �'A� @�� ��(	����'D�� >�"��� }�	A�� �� 4� ?�<�� �K�� y R���a
Lm�7�� E� L<� d�S L� $��v ��(	����'D�� X'�f� X��`	a� ��	%��	a�,.  

 ����)((  d"�7� ?�<�� ��� ��a�� ��,�		�6−  d"�7� O��P� ���"162 .
��,�		�� E�U X���� �H� �S.  

��  

�����  2 1 6a a r= = −  )r(  
  4

5 1 162a a r= =  )s(  
 ��$���� �(7I,)s ( ��$���� 6D%)r (�& �q  

4
1

1
3

3

162

6

27

27

3

a r

a r

r

r

r

=
−

= −

= −

= −

  

 -�g�1 2a =  "3r = −  X���� �H� �'A�"12 ( 3)nna
−= × −.  ����  

 ����)�)( >"3� ��� ��,�7� ��,�		� �'A1 ��I�I� $��%& �c;c �����  
 d"�7�9 . $���� ��f�& �g�2  $���� ��f�&" ?�<�� �CD�20  ���I,&" @��<�� �CD�

��a�� ��,�		� 6D% LT~ ' �(
 >"3� �H� . � ����!&  @��<�� �CD� �(�k

o b e i k a n d l . c o m
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��a��U� ��,�		�� 4� u  

��  

 �& ����= �g�d  �&" ��,�7H� ��,�		(D� i�	��� e�f�� 'r  �
�	��� �07��� '
 6D% � ��a��U�" ��,�7H� .	�,�		�� 4� �c;<�� $"�H� �& �p= ��a��U� ��,�		(D�

B�'	��  
9, 9 , 9 2

9, 11 , 29 2

d d

d d

+ +

+ +
  

�& ��\ z�g 4�9 11r d= +  . �& d&9 11d r= − .  
�& �(
  

29 29 2 29 2(9 11) 7 18r d r r= + = + − = + .  
 -�& d&29 18 7 0r r− − =.�& �q ��$���� E� L:"  

29 18 7 0 (3 1)(3 7) 0r r r r− − = ⇔ + − =  

  7

3
r =  "&  1

3
r⇔ = −  

 ��
 �g�1

3
r = −' ��a��U� ��,�		�� 4� @��<�� �H�=

2
2 1
9 9 1

3
r

 = − =  
.  

��
 �g� ��&7

3
r =' ��a��U� ��,�		�� 4� @��<�� �H�=

2
2 7
9 9 49

3
r

 = =  
.  

 � ��a��U� ��,�		�� 4� @��<�� �CD� �(�k ��!& -�g�1.  ����  
  

)�.  ( �*�����)Series(  

 �D7D7	�� ���	�����,�		� $"�� �'(5 �  

o b e i k a n d l . c o m
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1 2 3, , , , na a a a…  

 K����, �'()� ��U K���a"nS .�& d&  

1 2n nS a a a= + + +�  
��,�		�� ����� ��
 �gn=1, 4, 9, 16, 25,…�n=  

2 2 2 2 21 2 3 4nS n= + + + + +�  
�'A�"  

2
1

2 2
2

2 2 2
3

1 1

1 2 1 4 5

1 2 3 1 4 9 14

S

S

S

= =

= + = + =

= + + = + + =

  

��A".  
  

)�.� ( ��
��� �*�����)ِArithmetic Series(  

��,�7� �D7D7	� -��,�7� ��,�		� $"�� /� 4% ������ �D7D7	�� 6(71 .�;<(=  

3 5 7 23 25+ + + + +�  
��,�7H� ��,�	�� $"�� �'(5 ��3 ��,�7� �D7D7	�  
3, 5, 7, , 23, 25….  

 �& l�f��1 2 3, , , , na a a a…  i�	��� ��k�= ��,�7� ��,�		�d . 4A[ -�m��%

V�'T�� 6D% �$"�� �,�	
  

1 1 1, , 2 , , 2 , ,n n na a d a d a d a d a+ + − −….  

�'A� z�g 4�  

1 1 1( ) ( 2 ) ( 2 ) ( )n n n nS a a d a d a d a d a= + + + + + + − + − +�  
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 �,�	A,"nS�& ��w�& �q �7A% h�1�	,  

1 1 1( ) ( 2 ) ( 2 ) ( )n n n nS a a d a d a d a d a= + − + − + + + + + +�  
�& ��\ .	�$���� /(�"  

1 1 12 ( ) ( ) ( )n n n nS a a a a a a= + + + + + +�  
 d"�7� $"�H� $�% @��n .-�g�  

12 ( )n nS n a a= +  
�'A�"  

1( )
2n n

n
S a a= +  

 �& �J"1 ( 1)na a n d= + − �& ��w�& �p�=  

1(2 ( 1) )
2n

n
S a n d= + −  

 ����)��(  �'(5 �S5 8 11 14+ + + +…  b�40 ����.  

��  

 ���= ��,�7� �D7D7	� E�1 5a = -3d = -40n = .-�g�  

  40

40
(2 5 39 3) 20(10 117) 2540
2

S = × + × = + =.  ����  

 ����)��(  �'()� �S1 1
50 49 49 48 ( 20)

2 2
+ + + + + −�.  

��  

 ���= ��,�7� �D7D7	� E�1 50a = -1
2

d = − -20na = − .-�{�  
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1 ( 1)

1
20 50 ( 1)

2

1 1
70

2 2

1 1
70

2 2

na a n d

n

n

n

= + −

 − = + − × −   

− = − +

− − = −

  

141

2 2

141

n

n

− = −

=

  

�& �q ��Q"  

141

141 141
(50 ( 20)) 30 141 15

2 2
S = + − = × = ×  

 -�g�141 2115S =  ����  

 ����)��(  y .0� ' �(
 @D<� LA� 6D% ���D|�$ ���S _0� �& ���Da $��&
d���� }'� X��`	a�, z�g" LA��� . M��`	a� d��� }'��� $�% ��
 �g�

 ' ����� ���0� ���Da171 ����� ��I0� $�% ' �(= u  
  

              

            

          

        

�  

��  

' ��I0��� y }'��� $�% �& Y�Z1, 2, 3, 4,… .  
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 >"3� ��� ��,�7� ��,�		� E�"1  i�	��� ��k�="1 .�{�  

1

2

2 ( 1)
2

171 2 1 ( 1) 1
2

342 (1 )

342

n

n
S a n d

n
n

n n

n n

 = + − 

 = × + − × 

= +

= +

  

2 342 0

( 19)( 18) 0

n n

n n

+ − =

+ − =
  

 -�g�19n = − l'=�� ��" . ' ����� ��I0� $�% �'A� ��Q"18n =.����  

 ����)� (  >"& �'(5 �& j0c&n  d"�7� �0S'�� �C�CT�� $��%3� 4�
1
( 1)

2
n n +.  

��  

� $��%3�1, 2, 3, , n…  >"3� ��� ��,�7� ��,�		� �"1 1a =  ���"

 ?'���na n=  ' i�	��� ��k�="1d = .-�g�  

  
1 2 3 (1 ) ( 1)

2 2n

n n
S n n n= + + + + = + = +�.  ����  

 ����)��(  d"�7� R$�7�� ��� ��,�7� ��,�		�21  >"& �'(5"17  ��
 d"�7� ����0 .@��<�� ��� �S.  

��  

6 1 1

17 1 1

5 21 5

17 17
(2 16 ) 0 (2 16 )
2 2

a a d a d

S a d a d

= + ⇒ = +

= + ⇒ = +
  

-�g�  
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1

1

5 21

2 16 0

a d

a d

+ =

+ =
  

�& d&  

1

1

5 21

8 0

a d

a d

+ =

+ =
  

�& �q .	�$���� ���,  
3 21

7

d

d

− =

= −
  

 ��$���� y x�'�	��,1 8 0a d+ = �& ��\  

1̀ 8 8 ( 7) 56a d= − = − × − =.  
-�g�3 1 2 56 2 ( 7) 42a a d= + = + × − =.  ����  

  

)�.% ( ��!"#$ �*�����)Geometric Series(  

��a�� ��,�		� ����		� $"�� �'(5 � ��a��U� �D7D7	�� . L�0a 6D%->�<��  

1 2 4 8 16 128+ + + + + +�  
��a��U� ��,�		�� $"�� �'(5 ��3 ��a�� �D7D7	�  
1, 2, 4, 8, 16, , 128…  

 �& l�f��1 2, , , na a a…  � �
�	��� ��	07\ ��a�� ��,�		�r . 4A[ -�m��%

V�'T�� 6D% �$"�� �,�	
  
2 1

1 1 1 1, , , , na a r a r a r −…  

�'A� z�g 4�  
2 1

1 1 1 1
n

nS a a r a r a r −= + + + +�  
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 $����, ��$���� y�� }�w,"r �& ��\  
2 1

1 1 1 1
n n

nrS a r a r a r a r−= + + + +�  
�& �q .	�$���� ���,"  

( )
1 1

1( 1) 1

n
n n

n
n

rS S a r a

S r a r

− = −

− = −
  

( )1 1

1

n

n

a r
S

r

−
=

−
  

 �& Y�Z1r =/.  

 ����)�%(  ��,�	(D� b"3� 4������ $"�H� �'(5 �S  
1 1

9, 3, 1, , ,
3 9

− − …  

��  

 >"3� ��� ��a�� ��,�		��1 9a =  �
�	��� �07���"1

3
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