
QWS 

 א�	���א��א��


	�א��א���� 
Polynomials 

)�.� ( ��	
�[Introduction]  

 ������� �	
��� �
����� ���� �	
��� �
���� ����� ����� � ����
 ���� �x

 ���� � ����! "#� ���$��%�� � &'�'� (")�� *+, �+��� 
- &# �� ./#�
 ���� � ��� � 0��12x  �	
��� 3�n 0
"��� /456  

1
1 1 0( ) n n

n nf x a x a x a x a−
−= + + + +�  

 7�80 1 2, , , ,
n

a a a a…  ��9���� *:;6 ��<�<8 ���,�0
n
a ≠ . �>9�:2

2 4 2x x+ −  �������� �	
��� 3� ���8 0��!5 23 2 3 4x x x− + +  0��!

�;��?� �	
��� 3� ���8 .���
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x

x

+

+
�3 4x +�2 3

6x
x

− ����! ��6 92

���8 . ��+��� �	
��� �@ � � ����� A�� ��� � 0��! *:;61 ���8 0��! �
 ���8��)monic .( �>9�:24 22 5x x+ +  �	
��� 3� ���8�� ���8 0��!4 .

 ��� � 0��! �	
�� D�%�'( )f x  D�%��E( )deg ( )f x .  
 
/F G��)%�H �� ( ���8 0��1�( )f x��, �>�a  I<J( ) 0f a = . *:;� �:!

 ��� � 0��! %�H( )f x  �����:+� >�
/	( ) 0f x = .�>9�:2  
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K��! �@-2( ) 4f x x= −LM2(2) 0f =  �( 2) 0f − =. 3� �12 �/��2  �
2− ��� � 0��1� 
/	.  
  

 ��
�)�([AHSME 1995]  K��! �@-4 2( ) 5f x ax bx x= − + +  L�!�
( 3) 2f − =  �:�N O;8�2(3)f.  

���  

4 2( 3) 2 ( 3) ( 3) 3 5 2 81 9 0f a b a b− = ⇒ − − − − + = ⇒ − =  
�LP�  

  

4 2(3) (3) (3) 3 5 (81 9 ) 8 0 8 8f a b a b= − + + = − + = + = .����  
  

)�.� ( ��	�� ���
� ��� ��������[Operations on Poynomials]  

 ���8 Q��! R%S �� TU 31V( )f x  �( )g x  �9���� R%S �� T:F W�@�
����;�X� Y"<�� ��@ ��� � . K��! �@M22( ) 2 36 9f x x x= − +  �

3 2( ) 2 4 5 1g x x x x= + + − LM2  
3 2

3 2

( ) ( ) 2 6 31 8

( ) ( ) 2 2 41 10

f x g x x x x

f x g x x x x

+ = + − +

− = − − − +
  

 Z%[�� T�\"6 0�,�N (��]�'�E ("<� ����8 Q��! Z%[� Z%$� T:^� *+,
0���	 ���8 0��! *+, ��_�� `'��.  

 ��
�)�(  K��! �@-( ) 2f x x= −�2( ) 2 4g x x x= + +LM2  
2

2 2

( ) ( ) ( 2)( 2 4)

( 2 4) 2( 2 4)

f x g x x x x

x x x x x

= − + +

= + + − + +
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3 2 2

3 2 2

3

2 4 2 4 8

(2 2 ) (4 4 ) 8

8

x x x x x

x x x x x

x

= + + − − −

= + − + − −

= −

  

 L� a8
deg( ( ) ( )) deg( ( )) deg( ( ))f x g x f x g x= +.  ����  
  

 �+b�c 0
"�E d��2 ���8 Q��! �:;N ��� �<�%eE ���,�� �:;N ��+:�� >���f
�+���� "# W�@ g�$"�� �+�'� �[2�� ��"eX� �:;<��.  

 ��
�).(  K��! �@-3 2( ) 5 4 2 1f x x x x= + + −  K��!�2( ) 1g x x= + 

 �h2( )

( )

f x

g x
.  

���  

*+, ��i ��"eX� �:;<�� (��]�'�E  

5 4x +    
3 25 4 2 1x x x+ + −  2 1x +  
35 5x x+    

24 3 1x x− −    
24 4x +    
3 5x− −    

 �	
� L� ��# jN"��3 5x− −  �	
� 3� �N�2 1x + . �:;<�� k
�4 L"1��
 "#5 4x +  "# &N�l���3 5x− −.  ����  

 �E��! L�1�m�E L� a8
( )f x  n��X� �)o (p���� "_��� *+,  
( ) (5 4) ( ) ( 3 5)f x x g x x= + + − −.  

 >�:q�� g�_H �/#��- >�����'� �:;<�� ���\
�"4 A�� *+, r�6:  
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��/
�� ���01�23[Division Algorithm]  

 K��! �@-( )f x  �( )g x �6��8� ���8 �6��! �	"�2 ���8 Q��! L( )q x 
)�:;<�� k
�4 *:;6 ( �( )r x )�:;<�� &N�E *:;6 (7�8  

( ) ( ) ( ) ( )f x q x g x r x= +�0 deg( ( )) deg( ( ))r x g x≤ <  ��( ) 0r x =.  

  

)�.. (��	�� ���
� 1�45[Roots of Polynomials]  

������� �	
��� 3� ��� � ����! 
�/	 ��tm (�, L"��N �"	� ����
 �<� �:! �
 ��E�%��� ������� u�	
��� 3� ��� � Q��! 
�/	 ��tm (�, L"��N �	"� v��

Z��1�� �/# w�e� 3, ��	%x �:)V�<6 31�� . �	
��� 3� ��� � ����! ���
 �#
�/	 ��tm (�, L"��N �	"� 92 %�!52 �;��?� Iq�< � y�E �	"6 31��

/^� ./# ��t- *+, ���,�;6 A�� ��������� � ����! 3� ����+� 
� . %!/�'
L�#%E L�� Iq�< � ./# y�E.  

)�( 678� ������ �9:;�. 

 K��! �@-( )f x  �	
��� 3� ���8 0��!n  &e?� ������ *+, �#��:;N�
x a− LM2  

( ) ( ) ( ) ( )f x x a q x f a= − +  
 7�8( )q a  �	
��� 3� ���8 0��!1n −.  

 L"1��x a−  >9��,)>�z�N ( ���", 3�( )f x  L�! �@- {<2� �@-
( ) 0f a =.  
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)�( �<=/>�� 1�?@A� 1�BC3� 

 K��! �@-1
1 1 0( ) n n

n nf x a x a x a x a−
−= + + + +�  

���,� �|9���� ���8 0��!  ��_�_H0
n
a ≠  L�!�p

q
  >��%;! >�%�H

 0
"H {;E� � >�E"�1� LM2 �}p  d;<�0a  �q  d;<�
n
a.  

).( �:1�?@D� ��	�� E�
� �F���� GH �IF���. 

 K��! �@-2( )f x x px q= + +  L�!�1α  �2α  ��� � 0��! ~
/	
( )f x L� ����� ����� � ���E �<+21 2( )p α α= − +L��1 2q α α=.  

 0�8�� %!/� ���+��� ��	
��� 3� ��� � ����1� �+b�c ��N9, �	"6
 �)��������� �	
��� ���8 ����1� .��! �@M2K

3 2( )f x x px qx r= + + + ��!�K1 2 3, ,α α α  ��� � 0��! 
�/	
( )f x LM2  

1 2 3

1 2 2 3 3 1

1 2 3

( )p

q

r

α α α

α α α α α α

α α α

= − + +

= + +

= −

  

)�( ;J� K ��L�LA� �9:;M� 

 �	
��� 3� ���8 0��! ~�1n ≥  �� &<�<8 
/	 �N�� *+, �}
O!%�.  

 ��� � 0��! �E��1E ��� g:;6 �^� � ��'�'�� ��#�X� L� a8
p����!:  
1

1 1 0

1 2

( )

( )( ) ( )

n n
n n

n

f x a x a x a x a

c x x xα α α

−
−= + + + +

= − − −

�

�

  

 7�81 2, , , nα α α…  ��� � 0��! 
�/	 &#( )f x  K;�� 
�/^� ./#�
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��+�� 0
�%[��E.  

�N2O��  

 L�! �@-α  >�
%1� ��� � 0��1� >�
/	m  j,�[� 
/	 v�- n"<�2 ��%X� 3�
 v6�
�%16 ��,m . L�! �@-�1m = {�;E 
/	 v�- n"<�2.  

��
�  )�( [AHSME 1965]  L�! �@-1r  �:;N &N�E "#
2( ) 2f y y my= + +  *+,1y −  L�!�2r  *+, �)�:;N &N�E "#1y + 

 L�!�1 2r r=  �:�N �h2m.  

���  

L� �� &e?� ������ ��#�� (��]�'�E  
2

1

2
2

(1) 1 1 2 3

( 1) ( 1) ( 1) 2 3

r f m m

r f m m

= = + × + = +

= − = − + × − + = − +
  

 L� ���1 2r r=  L� �h�23 3m m+ = − + . L� ~�2 0m =  LM2 v���
0m =.  ����  

 ��
�)P( ��� � 0��! 
�/	 T�U �	3 2( ) 5 2 8f x x x x= + + −.  

���  

 L� Ot ��	� L- ��%;1�� 
�/^� L� �� ��%;1�� 
�/^� ��#�� (��]�'�E
 ����� d'�"N L"168  &#�{ 1, 2, 4, 8}± ± ± ± .L� �� O�%h���E�  

3 2(1) 1 5 1 2 1 8 0

( 2) 8 20 4 8 0

( 4) 64 80 8 8 0

f

f

f

= + × + × − =

− = − + − − =

− = − + − − =

  

 �L@-4−  �2−  �1  ��� � 0��! 
�/	 T�U &#)
�/	 �	"6 
 �@�X  
�Y%4�.(  ����  
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 ��
�)Q([AHSME 1988]  L� �%���b  �c  7�8 L��<�<8 L���,
2( 2)( ) 6x x b x cx+ + = + + .�! �:�N �	  3�b  �c.  

���  

 �� ��� � 0��! ~%�H L� a8
1 2x = −  �2x b= − . �N9, 3���~��� 
L� d+��1 2 6x x = . �L@-2 6b =  LM2 � 3��3b = . >�[��1 2x x c+ = − .
LM2 v���2 3 c− − = − . L"1� �/��5c =.  ����  

 ��
�)R([AHSME 1988]  L� �%���a  �b  L�� L�_�_H L���,
2 1x x− − ���,  ��� � 0��1�3 2 1ax bx+ + . 3� �! �:�N �	a  �b.  

���  

:;<�� (��]�'�E� L� �� ��"eX�  

( )3 2 21 ( ) 1 (2 ) ( 1)ax bx ax a b x x a b x a b+ + = + + − − + + + + +  

 "# &N�l�� L"1� �/��(2 ) ( 1)a b x a b+ + + +.  
 L� ���2 1x x− − %�H ~��;� &N�l�� LM2 ��� � 0��1� >�z�N .�L@-  

(2 ) ( 1) 0a b x a b+ + + + =  
L"1� �/��  1 0a b+ + =    �  2 0a b+ =.  

 L� �� u�����X� u6�# ���1a =  �2b = −.  ����  

 ��
�)S([AMC12B 2003]  K��! �@-( )f x  ��e4 ���8 0��!) �	
��� 3�
���� ( 7�8(6) (2) 12f f− = . �	(12) (2)f f−.  

���  

L� �%���  ( )f x ax b= +. �/q��,  

(6) (2) (6 ) (2 ) 4f f a b a b a− = + − + =  
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 L� Y%� W�@ 3�4 12a = . L@-3a = . LM2 �/��( ) 3f x x b= + .LP��  
  (12) (2) (3 12 ) (3 2 ) 36 6 30f f b b− = × + − × + = − = .  ����  

 ��
�)T([AMC122000]  �:;N &N�E "# ��51 51x +  *+,1x +.  

���  

"# �:;<�� &N�E L� �� &e?� ������ ��#�� (��]�'�E  

  
51( 1) ( 1) 51 1 51 50f − = − + = − + =.  ����  

 ��
�)�U([AMC12 2001] L� �%���3 2( )P x x ax bx c= + + +.  
 L� K:+, �@-(0) 2P =  
��H� {'"�� L��( )P x  Z%$ �H�8 ~��;�

 
��H�( )P x  �/#� >�[�� �9���� �":� ~��;�( )P x  �h2a �b �c.  

���  

 L� ��(0) 2P =  LM22c = .LP��  "# 
��H�� �":�a− . �)e'"�� L@-

 "#
3

a
− . "# 
��H�� Z%$ �H�8c− . �L@-

3

a
c− = − . LM2 �/��

3 6a c= = . "# �9���X� �":�1 a b c c+ + + = − . �L@-
1 6 2 2b+ + + = − . L� �� W�@ 3��11b = −.  ����  

 ��
�)��([AHSME 1960]  L�! �@-2 2 5x x+ +  ��� � 0��1� >�z�N
4 2x px q+ +  3� >9! �h2p  �q.  

��A� ���  

 "# %4P� ������ L� �%���2x ax b+ + .�/q��,  
( )( )2 2 4 2

4 3 2 4 2

2 5 9

(2 ) (5 2 ) (5 2 ) 5

x x x ax b x px

x a x b a x a b x b x px q

+ + + + = + +

+ + + + + + + + = + +
  

L� �� �9���X� ��
�<�  
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2 0 2a a+ = ⇒ = −  
5

5 2 0 5
2

5 2 5 5 4 6

. 5 5 5 25

a
a b b

p b a

q b

+ = ⇒ = − = +

= + + = + − =

= = × =

  

 ���V�
��  

 �:;<E4 2x px q+ +  *+,2 2 5x x+ + *+, ��i  
2 2 ( 1)x x p− + −    

  

4 2x px q+ +  

2 2 5x x+ +
  

4 3 22 5x x x+ +    
3 22 ( 5)x p x q− + − +    
3 22 4 10x x x− − −    

2( 1) 10p x x q− + +    
2( 1) 2( 1) 5( 1)p x p x p− + − + −    
(12 2 ) ( 5 5)p x q p− + − +

  

  

 &N�l�� �L@-(12 2 ) ( 5 5) 0p x q p− + − + = .L� �� W�@ 3�  

  

12 2 0 6

5 5 0 5 5 30 5 25

p p

q p q p

− = ⇒ =

− + = ⇒ = − = − =  
 ���W��
��  

 T$2y x= .�/q��,4 2 2x px q y py q+ + = + +.  
 ~
/	 L� �%���2 0y py q+ + =  ��2r  �2s . 
�/	 �/q��,
4 2 0x px q+ + =  &#r±  �s± ) L�2y x= .( L� �� �LP�
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2 2 5 0x x+ + = ^� LM2 d'�N/ 3�
r  �s �����X� L�<<J . �/���
/^�2L
r−  �s− �����X� L�<<J . L� �� W�@ 3�2 2 5 0x x− + =  d'�<�� L"1��

 "# %4P�2 2 5x x− +.�LP�  

( )( )2 2 4 2

4 2 4 2

2 5 2 5

6 25

x x x x x px q

x x x px q

+ + − + = + +

+ + = + +
  

 L"1��6p =  �25q =.  ����  

 ��
�)��(  K��! �@-3( ) 7f x ax bx= + −  L�!�(5) 3f =  �h2( 5)f −

.  

���  

3 3(5) 5 5 7 5 5 10f a b a b= + − ⇒ + =  
�LP�  

( )3 3( 5) 5 5 7 5 5 7 10 7 17f a b a b− = − − − = − + − = − − = −.  ����  

 ��
�)�.([MAΘ 1991]  L�! �@-0c ≠  �0d ≠  �����X� 
�/	 K��!�
3 24 12 0x x cx d− + + = &#1α �2α �3α  7�81 2 0α α+ =  �h2

�N: �d
c
.  

���  

a8
 L�  

( )( )( )

( )( )( )

( )( )

( )

3 2
1 2 3

2
1 2 1 2 3

2
1 2 3

3 2
3 1 2 1 2 3

4 3 4
4 4

4

4

4

c d
x x x x x x

x x x

x x

x x x

α α α

α α α α α

α α α

α α α α α α

  − + + = − − −  

= − + + −

= + −

= − + −
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 L� �� �9���X� ��
�<�3 3α =  �1 2 4

c
α α =�1 2 3 12

d
α α α = −.  

�L@-
4 12

c d
= − . L� ~�3d c= −.  

 L� �� �/��3
d

c
= −.  ����  

 ��
�)��( �� E� �:;N &N90( )f x x=  *+,2 3 2x x− +.  

���  

 L� �%���( )r x ax b= + �:;N &N�E "#( )f x*+,2 3 2x x− +  L��( )q x 
�:;<�� k
�4 "#. �/q��,  

( )90 2( ) 3 2 ( ) ( )

( 1)( 2) ( ) ( )

f x x x x q x ax b

x x q x ax b

= = − + + +

= − − + +
  

�LP�  

90

(1) 1 0

(2) 2 0 2

f a b

f a b

= = + +

= = + +
  

L� �� W�@ 3�  

90

1

2 2

a b

a b

+ =

+ =
  

 L� �� ������� 3� ���� �����X� R%eE902 1a = −.  �����X� � y�"����E�
 L� �� ����902 2b = − .�L@-( ) ( )90 90( ) 2 1 2 2r x x= − + −.  ����  

  

)�.� ( ��	�� ���
� ���X[Factorization of Polynomials]  

 �	
��� 3� ���8 ����! Z%$ �H�_! �)�E��! ����8 0��! ��+_�E G��
 ���8 ����!� ���� ��<�<8 
�/	 �} `�� ������� �	
��� 3�) �#D�c L� ~�
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O��' .(W�@ ����1�- �^� � ��'�'�� ��#�X� �} 3:[6 ��%���� ��8���� 3� .
>��+:, W�@ \��m ���, �<�%S �	"6 
 31�� .}� ��� � ����! ��+� O+e�� �/

O�
���� 3� ��1��� �1� � y�E . ��+� w%S �- �2�$-� ��H ������� �	
���
>���! �,�;6 ������� �,�"<��2.  

)�( G�H=� GH Y=Z ���X: 

( )( )2 2a b a b a b− = − +  
)�( GB�>� GH Y=Z ���X: 

( )3 3 2 2( )a b a b a ab b− = − + +.  

).( GB�>� [2�\ ���X: 

( )3 3 2 2( )a b a b a ab b+ = + − +.  

 ��
�)�P( +8� ��� � 0��!4 3 26 3 3x x x+ +.  

���  

( )4 3 2 2 26 3 3 3 2 1x x x x x x+ + = + +  

 D�c L� ���22 1x x+ + "#1 4 1 2 7 0− × × = − < .  
Z"+eX� ��+_��� "# .9,� ��+_���2.  ����  

 ��
�)�Q( ��� � 0��! �+812 122x −.  

���  

( )( )
( )( )( )( )

( ) ( )
( )( )

12 12 6 6 6 6

3 3 3 3 2 2 4 2

2 2

2 4 2

2 2 2

2 2 2 4 16

( 2) 2 4 ( 2) 2 4

4 4 16

x x x

x x x x x

x x x x x x

x x x

− = − +

= − + + − +

= − + + + − +

+ − +
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31��  

( )
( )( )

4 2 4 2 2

2
2 2

2 2

4 16 8 16 12

4 12

4 12 4 12

x x x x x

x x

x x x x

− + = + + −

= + −

= + − + +

  

"# ��+_��� L"1��  

  
( ) ( )( )

( )( )

2 2 2

2 2

.( 2) 2 4 ( 2) 2 4 4

4 12 4 12

x x x x x x x
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                   = − + + +                                

  

o b e i k a n d l . c o m



RPP@ @¶ìÿa@óÝy‹¾a@�u@ @

L� �� �/��  2 4
1

1 1 1
( )

2 4 16
q x x x x

       = − + +             
.  

�L"1�  2 1

1 1 1 1
( 1)

2 2 8 16
r q

        = − = − = −              
.  

)��( �E�	m�  &#)Z :(�2�16 �����X� L� a8
  

( )( )2 25 4 5 6 1 0x x x x+ + + + + =  

 T$"E2 5y x x= + L� ��  

2

2

( 4)( 6) 1 0

10 25 0

( 5) 0

y y

y y

y

+ + + =

+ + =

+ =

  

 �L@-1 2 5y y= = − . �����X� � y�"����E2 5y x x= +L� ��  
2 5 5 0

5 25 20 5 5

2 2

x x

x

+ + =

− ± − − ±
= =

  

&# ��+H�� �����:+� ��E
�� 
�/^�2 �/��  

  1 2

5 5

2
x x

− +
= =  �  3 4

5 5

2
x x

− −
= =  

L"1��1 2 3 4 5 5 5 5 10x x x x+ + + = − + − − = −.  
)�.( �E�	m�  &#)Z :(L� a8
  

( )2( ) 1 ( ) ( )f x x q x r x= − +7�8( )r x ax b= + .�LP�  
(1) (1)

( 1) ( 1)

f r a b

f r a b

= = +

− = − = − +
  

31��51(1) 1 1 0f = − =�51( 1) ( 1) 1 2f − = − − = − .�L@-  
0

2

a b

a b

+ =

− + = −
  

o b e i k a n d l . c o m



  †ì‡¨a@pa�rØ@ @RPQ  

  

 L� �� W�@ 3��1b = − �1a = .L"1��( ) 1r x x= −.  
)��( �E�	m�  &#)� :( &# 
�/^� L� �%��α �β �γ  L��α β γ+ = .

 ��N9, 3�������� ~���  
( 6) 6

30

α β γ

αβγ

+ + = −− =

= −
  

 L� �� W�@ 3�2 6γ = . L� ~�3γ =. � y�"����E� ������� �����X�

L� ��10
β

α
= −.�L@-  

2

10
3 6

10
3 0

3 10 0

( 5)( 2) 0

α
α

α
α

α α

α α

− + =

− − =

− − =

− + =

  

 �L@-2α = −��5α = . &# 
�/^� L� �� u��� � 9! ��
2, 3, 5−  "# �#%�H��2− . L� a8
0α ≠ ) L�! "� v��0α = 

 L� �h�;20 30= − ��_�;� �/#�.(  
)�P( �E�	m�  &#)� :( 3� �!1x −  �1x + d'�N  ��� � 0��1�( )f x  3��

 LM2 �2( 1)( 1) 1x x x− + = −  ��� � 0��1� >�z�N( )f x . �:;<E
( )f x  *+,2 1x − �� 

( )( )
( )

2 2

2

( ) 1 7 12

1 ( 3)( 4)

f x x x x

x x x

= − − +

= − − −
  

 �� L�%4P� L�
/^� L"1��3  �4 :�� ~��;� �:),"7.  
)�Q( �E�	m�  &#)k:(  

o b e i k a n d l . c o m



RPR@ @¶ìÿa@óÝy‹¾a@�u@ @

��A� ��� : L�! �@-p

q
  ��� � 0��1� >��%;! >�
/	( )f x  LM2p  >�z�N

 ���+�42  L��q  ���+� >�z�N3 .L� �� d'�"<�� ./# O�%h�E�  
2

3
α =�3β = −L�%4P� L�
/^� �� .L"1� �/��  

1 1 3 1 9 2 7

2 3 6 6α β

−
+ = − = =  

V�
�� ��� : L� ��7  LM2 ��� � 0��1� >�
/	 "#7x − >�z�N . �:;<E�
( )f x  *+,7x − L� ��  

( )2( ) ( 7) 3 7 6

( 7)(3 2)( 3)

f x x x x

x x x

= − + −

= − − +
  

 �� L�%4P� L�
/^� L"1� �/��2

3
α =  �3β = −.  

 ���W��
�� : ��N9, (��]�'�E��L� Y%� ~���  
14 14 7

7 7
3 3 3
42

7 2
3

α β α β

αβ αβ

+ + = ⇒ + = − = −

= − ⇒ = −

  

�L@-1 1 7 / 3 7

2 6

β α

α β αβ

+ −
+ = = =

−
.  

)�R( �E�	m�  &#)� :(����� 
2

22 3 50 5 3
5 5 5

x x x
f x x
         = + + = + +               

  

�L@-  
2

2

( ) 50 5 3

(5 ) 1250 25 3

f x x x

f x x x

= + +

= + +
  

o b e i k a n d l . c o m



  †ì‡¨a@pa�rØ@ @RPS  

  

2

2

2

253 2500 25 3

2500 25 250 0

100 10 0

x x

x x

x x

= + +

+ − =

+ − =

  

 ��N9, 3��� "# L�
/^� Z%$ �H�8 L� �� ~���10 1

100 10
− = − .  

)�S( �E�	m�  &#)� :( L� �%��α �β �γ  �����X� 
�/	 &# . ��N9, 3�
������� ~���  

3

7

α β γ

αβ βγ γα

+ + = −

+ + = −
  

L� �� W�@ 3�  
2 2 2 29 ( ) 2( )α β γ α β γ αβ βγ γα= + + = + + + + +  

 �� �/��L�  
2 2 2 9 2 ( 7) 23α β γ+ + = − × − =.  

)�T( �E�	m�  &#)Z :(L� �� ��� � 0��! ��+_�E  

( )5 3 42 4 2 2 1x x x x x x+ + = + +  

 �L@-0x = 
�/^� �8� "# .LP�  

( )
( )( )

4 2 4 2 2

2
2 2

2 2

1 2 1

1

1 1

x x x x x

x x

x x x x

+ + = + + −

= + −

= − + + +

  

 3� �! D�c�2 1x x− + 2 1x x+ + O��' . 
�/	 �} `�� �/}�
��<�<8 . "# ��8"�� &<�< � 
/^� �L@-0x =  L"16��E�	m�  &#)Z.(  

).U( �E�	m�  &#)� :(�����  

(6) (2) 12 (36 6 ) (4 2 ) 12f f a b c a b c− = ⇒ + + − + + =

  

o b e i k a n d l . c o m



RPT@ @¶ìÿa@óÝy‹¾a@�u@ @

32 4 12

8 3

a b

a b

⇒ + =

⇒ + =
  

>�[��  
(8) (4) 16 (64 8 ) (16 4 ) 16

48 4 16

12 4

f f a b c a b c

a b

a b

− = ⇒ + + − + + =

⇒ + =

⇒ + =

  

 L� �� u�����X� ���1

4
a =  �1b = .�L@-  

(12) (2) (144 12 ) (4 2 )

140 10

1
140 10 1 35 10 45

4

f f a b c a b c

a b

− = + + − + +

= +

= × + × = + =

  

 L"16��E�	m�  &#)�.(  
   

o b e i k a n d l . c o m



  †ì‡¨a@pa�rØ@ @RPU  

  

)�.R (��2�] �a �^�/�  

)�( [AHSME 1950] �����X� 
�/	  

( )( )2 23 2 4 0x x x x− + − =&#  

)�(0  �4    )Z (1  �2  
)k (0  �1�2�4    )� (1  �2�4  

)�( [AHSME 1954] �����X�  3 26 11 6 0x x x+ + + =:  
)� (�l��' ��<�<8 
�/	 �} `��    )Z ( ��<�<8 
�/	 �} `��

�l	"�  
)k (��<�<8 
�/	 �} `��    )� ( L�
/	� O	"� 
/	 �}

L�l��'  
).( [AHSME 1953]  d'�"N �8�4 4x + "#:  

)� (2 2x +    )Z (1x +    )k (2 2 2x x− +    )� (2 4x −  
)�( [MAΘ 1990] �����X� 
�/	 �8� L�! �@-  

3 227 242 720 0x x x− + − =  

�/^� �!� �:2 3�%4P� 3�
/h+� ��; � {'"�� "# �  

)�(10    )Z (15    )k (20    )� (25  
)P( [AHSME 1953] �����:+� ��<�< � 
�/^� ��,  

2

8
(2 )

4
x

x
− =

+
"#  

)�(0    )Z (1    )k (2    )� (3  

o b e i k a n d l . c o m



RPV@ @¶ìÿa@óÝy‹¾a@�u@ @

)Q(  ��� � 0��! �:;N &N�E L�! �@-6 4 2( )f x ax bx cx= + +  *+,
3x −  ~��;�2  *+, �)�:;N &N�E �:22 9x − �  

)� (2

3
x−    )Z (2

3
x    )k (3

2
x    )� (2

2
3
x− +  

)R(  L�! �@-2 1x − ��� � 0��1� >�z�N4 3( ) 1f x ax bx= + +.  
 �:�N �:2a b+ �  

)� (2−    )Z (1−    )k (0    )� (1  
)S(  �����:+�4 36 24 16 0x x x− + − = �l	"� L�
/	L .�� �:),":� �  

)� (5 13−    )Z (5    )k (5 13+    )� (10 13+  
)T( [AMC10B 2006]  L�! �@-a  �b  �����X� 3�
/	

2 2 0x mx− + =  L�!�1
a
b
+  �1

b
a
+  �����X� L�
/	 ��

2 0x px q− + =  �:�N �:2q �  

)� (9
2
−    )Z (7

2
−  )k (7

2
    )� (9

2
  

)�U( [AMC10A 2002] �����X� 
�/	 �":�  
(2 3)( 4) (2 3)( 6) 0x x x x+ − + + − =~��;�  

)�(7
2
    )Z (4    )k (7    )� (13  

)��( �����:+� ��<�< � 
�/^� �":�  
2( 1) ( 3)( 1) 4x x x+ + − = −"#  

)�(4−    )Z (0    )k (2 2+    )� (4 2 2+  
)��(  �����X� 
�/	 Z"+<� �":�3 2 0x px qx r+ + + = "#  

o b e i k a n d l . c o m



  †ì‡¨a@pa�rØ@ @RPW  

  

)� (q
r
−    )Z (q

r
    )k (p

r
    )� (qr  

)�.(  K��! �@-5 3( ) 8f x ax bx cx= + + +  L�!�(2) 5f =  �:�N �:2
( 2)f −�  

)� (11−    )Z (7−    )k (7    )� (11  
)��(  �:;N &N�E7 5 3( )f x ax bx cx= + +  *+,2x −  ~��;�1 . &N�E ��

 �:;N( )f x  *+,2 4x − �  

)� (1

2
x    )Z (x    )k (2x    )� (1

1
2
x +  

)�P( [AHSME 1951]  ��+� 31V221 21x ax+ + %$ �H�8 �-Z 
 L�! �@- �_�_H �9���� ���� �	
��� 3� ���8 Q��!a  

)� (>���%2 >���,    )Z (>��	�\ >���,    )k (0    )� ( >���,
 3� �!� >���%221  

)�Q( [AHSME 1954]  ��� � 0��!4 64x + ~��;6  

)� (( )
2

2 8x +  

)Z (( )( )2 24 8 4 8x x x x− + − −  

)k (( )( )2 24 8 4 8x x x x− + + +  

)� (( )( )2 28 8x x+ −  

)�R(  ��� � 0��! �:;N &N�E L�! �@-( )f x  *+,1x +"#3  �)�:;N &N�E�
 *+,3x −"#7  *+, �)�:;N &N�E �:22 2 3x x− +�  
)� (5 3x −    )Z (4x +    )k (5 1x −    )� (5x  

o b e i k a n d l . c o m



RPX@ @¶ìÿa@óÝy‹¾a@�u@ @

)�S(  L�! �@-1  ��� � 0��1� >��,�[� >�
/	3 2( ) 2 5 4 1f x x x x= − + −

.  
7����� 
/^� "# �:2 �  

)�(1−    )Z (1
2
−    )k (0    )� (1

2
  

)�T(  L�! �@-1−  �2 �����:+� 3�
/	3 0x bx c+ + =.  
 �:�N �:2b c− �  

)�(4−    )Z (3−    )k (2−    )� (1−  

)�U( [AMC10 2000]  L�! �@-2 1
3

x
f x x
  = + +  

  d�N �":� �:2x  A��

 I<�(3 ) 7f x = �  

)� (1
3
−    )Z (1

9
−    )k (0    )� (5

9
  

)��( [AHSME 1999]  ��� � 0��! �:;N &N�E L�! �@-( )P x  *+,19x − 
 "#99  *+, �)�:;N &N�E�99x −  "#19  *+, �)�:;N &N�E �:2

( 99)( 19)x x− − �  
)� (118x− +    )Z (80x− +    )k (80x +    )� (118x +  

)��(  ��� � 0��1� ��<�< � 
�/^� ��, ��4 2( ) 3 9f x x x= − + �  
)� (0    )Z (2    )k (3    )� (4  

)�.(  �:;N &N�E ��50 252 1x x− +  *+,2 1x − �  
)� (2x−    )Z (2 2x− −    )k (2 2x− +    )� (2x  

)��(  �:�N ��a  ��� A��1x −  ��� � 0��1� >�z�N
5 2( ) 1f x x ax ax= − − + �  

o b e i k a n d l . c o m



  †ì‡¨a@pa�rØ@ @RPY  

  

)� (1−    )Z (0    )k (1    )� (2  
)�P(  �����:+�3 23 2 6 1 0x x x+ − + =  ���<�<8 
�/	 �9b- �:)�� L��b

u�%;! �� .�:),":� �� �  

)� (5
6
−    )Z (5

3
−  )k (5

6
    )� (5

3
  

)�Q( [AHSME 1953] �����X� 
�/	  

( )2 8 16 (4 ) 0x x x x+ + − =&#  

)�(0    )Z (0 �4    )k (0 �4− �4    )� (0 �4− �4− �4  
)�R( [AHSME 1953]  �:�Nm  ��� A��2( ) 4 6f x x x m= − +  �l<6

 *+, �:;<��3x − d'�N &# ���+�  
)� (12    )Z (20    )k (36    )� (48  

)�S( [AHSME 1955]  d'�"N �8�4 22 9x x+ + "#  
)� (2 2 3x x− +    )Z (2 3x +    )k (1x +    )� (2 2 3x x− −  

)�T( [AHSME 1969]  �:;N &N�E100x  *+,2 3 2x x− + "#  
)� (1002 1−    )Z (1002 ( 1) ( 2)x x− − −  
)k (( ) ( )100 992 1 2 2 1x − + −    )� (1002 ( 3)x −  

).U(  L�! �@-1( )q x  �1r  &N�E� �:;N k
�4 ��4x  *+,1x +  L�!�

2( )q x  �2r  &N�E� �:;N k
�4 ��1( )q x  *+,1x + 2 �:�N �:2r�  
)� (7−    )Z (6−    )k (5−    )� (4−  

   

o b e i k a n d l . c o m



RQP@ @¶ìÿa@óÝy‹¾a@�u@ @

)�.S (b��2�c� �a �^�/M� ��H�5  

)� (k    )� (Z    )o (k    )� (�    )� (Z  
)� (�    )� (Z    )� (k    )� (�    )�� (�  
)�� (�    )�� (�    )�o (�    )�� (�    )�� (Z  
)�� (k    )�� (Z    )�� (�    )�� (�    )�� (Z  
)�� (�    )�� (�    )�o (k    )�� (k    )�� (Z  
)�� (�    )�� (k    )�� (�    )�� (Z    )o� (�  

  

o b e i k a n d l . c o m




