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 ��� ����� 	 
���
� ��� �������� ������� ������ ����� ��� 	 � !"
 �# $%&%���'��( )�� *+ *&� ,��� -. /01�
��2�� ���.  

 4������ 5(.67 829 	 ����:� ��.27  6; <.= ��>%?� .( !7 �@A B0>
�;.C.  

  
 �������[experiment]  

+�D E� F �G�1.= ��0�> �@A B0> �;.H��� 5(.67 829I� . ��J�%K6�� �;.H��� �+A
�G�1.= *?%7 829 � L�� �;.H��� M�N , '�!�P �A ����> �%!" �6Q? '�!�P �;.C �R+

 �A 4��> �." .H� �1 �S%0T�� U60�� V���A 8+ �>%�W 8+ �?�� UX�I�.  
  

 �	
��� �
��[Sample Space]  

N��J�%K> �;.C ��1.= *�Y �>%�W %� �Z�6�� '�[. V.Q�� 8+  ( 6��  1%(
�R����6J�K�� V.Q�� 8+� �Z�6�� '�[N �:  
• �.�  ��] �^P �_�`� �;.H��� ��1.= *�Y >a)_ ��1.T�� b�� �I� 
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��c"I� .NI�R� , '�[N �dN E ��� E.+ �%!" �6Q? M+�  Z>�Z�6�� %� 

{ , }S H T= e��H � E�%_ �%�f g67T�;��] �%�f g67.�+A  '�[N
h7.+ �%!" �6Q? M+.� �Z�6��%�N { , , , }S HH HT TH TT=.  

'�!�
 �Z�6�� '�[N� %� b%1� ��� �^ �." .H�{1,2, 3,4,5,6}S =.  
• i%�c�� 	 �2�K�� j�!" �� T���. 

I�R�N ,��RD 829 h7.+ �%!" �6Q? M+.� �Z�6�� '�[Nk���� %XZ�� B0> :  

  
 j�!" 8+ �] e��*S�!��� 1.= �RDI�.  

• ��"����� E.HK�� �� T���.  
i �P  ���  J�%NM� ��R���� /+� T��� ��"�2+P  <.T� �%2( �+ Z>

�����` �;.H��� .R]A �A .I�R�N ,h7.] �Z�X� �^P � > B0> ,%�l '�>� 8+ 
2�� 8+ � >� '�.�m� ��.2�� 8+ '�.[n� ��.2�� 8+ � >� '�.���� ��.

k���� %XZ�� B0>�Z�6�� '�[N B0> 4%�m� 82��� 8�N:  
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E.HK�� 8+ �Z�6�� '�[N ._�Z> E'�.? 829�  
{ , , , , , , , , }S RR RG RY GRGG GY YRYG YY=  

  
 ����[Event]  

o ��Z�6�� '�[N 8+ ��Jp1 �>%�W ,A B�c7I� .Q�c; q m� �%2(�I�  i%��� �^P
�Z�6�� '�[N 8+  ��� .�Z> B0> . B�c( /"dN .�Z> 8+ .R]A B0> i%��� �^P�

o �I� �].+I� .����n� �>%�r� %� ��X�c�� q m�) ��X�c+ q � /"A ,A
$%?%��( .�J�� />%?�  ]u�� q m� �+AI�  �Z�6�� '�[N %�NS.  
 4%!"Pv��c�+ q��%m� $%?� �  w�1.�� U�� x�Z� 82( y �^P w1��� B0>

 8> q � $%?�.`z q � $%?� .4�R�� ���� B0> , E.+ �." .H� '�!�P  Z>
 q��%m� $%?� �dN E ���1  ,2  ,3 ,4 ,5 ,6v��c�+.  

  
 ���� ���� �
����[Probability of an Event]  

 82��S '�[N 82��� �Z�>E S⊆o �I� . q m� $%?� 4����� {.6(E p+.(�
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 p+.��; |���( )P E/"A B0>  

( )
E

P E
S

=  

 e��E ._�Z> � 6� p+.(E �S ._�Z> � 6� p+.(S.  
 �
��)�( h7.+ �%!" �6Q? '�!�P  Z> %� �Z�6�� '�[N �dN   

{ , , , }S HH HT TH TT=  
 ��] �^PE B0> 4%�m� q � %�E�%_  ���E  �dN{ , }E HT TH= �P�
2 1

( )
4 2

P E = =.  ����  

 �
��)�( E.+ �." .H� '�!�P  Z>  ���E  %� �Z�6�� '�[N �dN
{1,2, 3,4,5,6}S = . ��] �^PE 8+ }]A � > �%�f q � %�4 �dN

{5,6}E =  �%2(�2 1
( )

6 3
P E = =.  ����  

 �
��) (  ~�T�A �o�o ��0C �"��A �^PA,B ,C 5_ 	 M��.] �o�o B0>
|��� �Z2��� V.Q�� � > %� �Z�6�� '�[N �dN  ��� . �o�o ��( �7 � > ,A

 ,��c( �06" ��] � 6�� ���� ._�Z>3! 6= . �Z� ��c�� 8+h�67  �Z�6�� '�[N
%��{ , , , , , }S ABC ACB BAC BCACAB CBA=.  

 ��] �^PE �%01 q � %�A �dN 5��� ��c( B0>{ , }E ABC ACB=

�%2(�2 1
( )

6 3
P E = = . �%01 q � �+A�A�C %�N �6��� ���[6; U"��

{ , , , }D ACB BAC BCACAB=�%2(�4 2
( )

6 3
P D = =.  ����  
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 �!"#	$� �%����[Mutually Exclusive Events]  

 4%!"P ho m� �A �B���Z+ �6!( y �^P �I�6+ . *?� �^P ,AA �dNB *!( y
�26��;� , *?� �^PB �dNA*!( y . �dN ����A B∩ = ∅ . �+�> E�%�;�
 4%!"P q��%m� �1 2, , , nA A A��0��Z+ �R+ �R+  ��] �^P �!N� �^P

i iA A∩ = ∅ �2�i j=/.  
 �
��)&(  %� �Z�6�� '�[N �dN E ��� E.+ �." .H� '�!�P  Z>

{1,2, 3,4,5,6}S = . ��] �^PA �A� M1�� � > B0> 4%�m� q � %�B

 �dN ,�.N � > B0> 4%�m� q � %�{2,4,6}A =�{1,3,5}B = . �A ���
A B∩ = ∅) ,AA(�.N �%2( �A 829 � � 6�� �I� �1���I� 6+I� ( �dNA�B

����Z+ ��o � . ��] �^P�E 8+ .)_A � > B0> 4%�m� q � %�4 �dN
{1,2,3}E = . ho m� �dN ����E�A �� h0��Z+ a�
{2}A E∩ = =/ ∅.  ����  

  
 �!'�($� �%����[Independent Events]  

 ho m� �P 4%!"A�B �� �A $%?� ��] �^P ��!�c+A � />%?� � > �
.`�� $%?� � > �A $%?� 4����� B0>.ou( . q��%m� �P 4%!" �+�> E�%�;�

1 2, , , nA A A��� �A $%?� ��] �^P �0!�c+ A�  $%?� B0> .ou( � />%?� � >
i.`�� q��%m� $%?� � > �A.  

 �
��))(  B0> ��] ,%�l5 � '�[�; ��.]7'��%� ��.] .h7.] �Z�X� 
 ���E $�1�
� *+ i.`��  6; . ��] �^PAI��A �;%Xc�� E.2�� �A q �  M�
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 �A� '�[�; E.]B��"�R�� ��Xc�� 	 '��%� E.] UX� q � %� .�J Z> ,
 q� � 4�����B q� � .o��( �A!;��I� � |�^� �Z"A �Z61�A�P  ��? ��2��

 E.2�� UX�B . �A ,A5
( )

12
P A = �A�7

( )
12

P B =.  ����  
  

 �
*
*+� ,
�!($��
���-�[Basic Axioms of Probability]  

82��S��J�%K> �;.H�� �Z�6�� '�[N .�J Z>,  
)�( ( ) 0P A ≥ q � �2�A.  
)�( ( ) 1P S =.  
)�(  �"�] �^P1 2, , , nA A A��0��Z+ q��%� �R+ �R+  �dN  

1 2 1 2( ) ( ) ( ) ( )n nP A A A P A P A P A∪ ∪ ∪ = + + +� �  
  

 �
*
*+� �
���.� /0
"1[Basic Properties of Probability]  

)�( ( ) 0P ∅ =. 

2
34��  

 �A ��A ∩ ∅ = ∅ q � ,�A�dN  
( ) ( ) ( ) ( )P A P A P A P= ∪ ∅ = + ∅ 

 �dN ����( ) 0P ∅ =.  
)�( 0 ( ) 1P A≤ ≤ q � �2�A. 

2
34��  

 �A ��( ) 0P A ≥ �A ���oP B!��N( ) 1P A ≤ . ����A A′∩ = ∅ . �dN ����
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A A S′∪ = .��^P  
1 ( ) ( ) ( ) ( )P S P A A P A P A′ ′= = ∪ = +  

 �A ���( ) 0P A′ ≥ �dN( ) 1P A ≤.  
)�(  ��] �^PA′ q X0� ����� q m� %�A) �A ,AA S A′ = − (�dN  

( ) 1 ( )P A P A′ = −  
2
34��  

 �A ��A S A′ = − �dNS A A′= ∪P� �A A′∩ = ∅ .�^P,  
( ) ( ) ( ) ( )P S P A A P A P A′ ′= ∪ = +  

 �%2( |�^ 8+( ) ( ) ( ) 1 ( )P A P S P A P A′ = − = −.  
)�(  ��] �^PA B⊆ �dN( ) ( )P A P B≤.  

2
34��  

 �A ��( )B A B A= ∪ − �A�( )A B A∩ − = ∅�dN  
( ) ( ) ( )P B P A P B A= + − . �A ���( ) 0P B A− ≥ �A �P �0� �Z"dN

( ) ( )P A P B≤.  
)�(  q m� $%?� 4����� ���P ����] ��_�n� b�� �Z� h�7A B∪ E�%�;

�+�> . ��] �^PA�B�dN ho �  
( ) ( ) ( ) ( )P A B P A P B P A B∪ = + − ∩.  

 2
34��  

�A�����  
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( ) ( ) ( )

( ) ( )

( ) ( )

A B A B B A A B

A A B A B

B B A A B

′ ′∪ = ∩ ∪ ∩ ∪ ∩

′= ∩ ∪ ∩

′= ∩ ∪ ∩

  

 q��%m� �A�A B∩ ,A B ′∩ ,B A′∩�A  � �0��Z+  
( ) ( ) ( )

( ) ( ) ( )

P A P A B P A B

P B P B A P A B

′= ∩ + ∩

′= ∩ + ∩
  
( ) ( ) ( ) ( )

[ ( ) ( )] [ ( ) ( )] ( )

( ) ( ) ( )

P A B P A B P B A P A B

P A B P A B P B A P A B P A B

P A P B P A B

′ ′∪ = ∩ + ∩ + ∩

′ ′= ∩ + ∩ + ∩ + ∩ − ∩

= + − ∩

  

 �
��)5( Z>  ,A� $�Q���40���SI�  �A  1�34 � �%�� �%0[�( ��Z+22

��"�"�� �� �%�� �%0[�( � h���S �A� ��"�"�� �%0[�( .���S �".�`�I� �J�%K>I� .
 �[�( U��Q�� ��� �%2( �A 4����� �+P� �?�� B0> h��]���� i �  

6��  

 4�2�A �� T��� %� ���c�� b�� �m �!(.S �[NA �P��8 . �A -.�Z�B %�
 �A� �%�0� U��Q�� ��[�7 q �A��"�"�� U��Q�� ��[�7 q � %� .�J Z> ,

�A  N.�� ��.�� 8+  �  

 
34a b+ = ,22b c+ = ,38a b c+ + =.|�^ 8+ , �A i."  

38 ( ) 38 34 4

22 22 4 18

34 34 18 16

c a b

b c

a b

= − + = − =

= − = − =

= − = − =

  

  

 AB

2

a b c
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 %� 
%0Q��( )P A B∪.  � T�c" |�^ 
�cm�  

  
( ) ( ) ( ) ( )

34 22 18 38 19

40 40 40 40 20

P A B P A P B P A B∪ = + − ∩

= + − = =  ����  
  

 7��8$� �
���.�[Conditional Probability]  

��.+ q�o ����> �%!" �6Q? �Z�!�A �Z"A -.�Z� .Z>J � ,%� �Z�6�� '�[N  
{ , , , , , , , }S HHH HHT HTH HTT THH TTH THT TTT=  

 �A -.�Z��A %�q � �� ��+.�� 	 �;��] $%?��� .�A ,A 

{ , , , }A THH TTH THT TTT=.  
.�Z�� �A -B8+ ,�.N � > $%?� q � %� q�R�� ���+.�� 	 ��;��2�� .,A  

{ , , , }B HHT HTH THH TTT=.  
�A -.�Z��C $%?� q �%�B �A �Z�0> �^PA*?�  ? . �A ,A

{ , }C THH TTT=. �dN ����2 1
( )

4 2
P C = =.  

 $%?%� j�.K�� 4������ B�c( 4������ 8+ $%Z�� ���B ��] �^PA *?�  ?
 p+.��; /� p+.(�( | )P B Ak���� %XZ�� B0> {.6(�:  

( )
( | )

( )

P B A
P B A

P A

∩
= e��( ) 0P A >.  

��
 �)G(A�." ,.H� �Z�!� . ,��c( 8(.����� 8(� 6�� $%�W ��] �^P7 ��N
 � 6�� .��( �A 4�����3� 8(.Hm�  �A B0>  

6��  

�A -.�Z�B ,��c( 8(� 6�� $%�W �A q � %�7. �A -.�Z��A q � %�

o b e i k a n d l . c o m



QWX@ @pbjïØ�Üa@ @

 � 6�� �%�f3�?�� B0> 8(.Hm�  �A B0> .�J Z> ,���P %� 
%0Q��
( | )P A B. ���,{(1,6),(2,5),(3, 4),(4,3),(5,2),(6,1)}B =.  

 �dN ¡ 8+�6 1
( )

36 6
P B = =. [(AI�  

{(1, 3),(2, 3),(3, 3),(4, 3),(5, 3),(6, 3),(3,1),(3,2),(3, 4),(3, 5),(3,6)}A =  
{(3, 4),(4, 3)}A B∩ =  

 �A  � ����2 1
( )

36 18
P A B∩ = =.�%2(�  

  ( ) 1 6 1
( | )

( ) 18 1 3

P A B
P A B

P B

∩
= = × =  ����  

 ho m� �A ��� -.�Z�A ,B��!�c+.�J Z> , $%?� � > �A $%?�B .ou( �
 $%?� 4����� B0>A.  �A ,A( | ) ( )P A B P A=. B0> ��¢ ����:  

 �%2( ��o m�A�Bh0!�c+��] �^P �!N� �^P   
( )

( ) ( | )
( )

P A B
P A P A B

P B

∩
= = . �A ,A( ) ( ) ( )P A B P A P B∩ =.  

�+�> E�%�;� , �"�] �^P1 2, , , nA A A�  �dN �0!�c+ q��%�  

1 2 1 2( ) ( ) ( ) ( )n nP A A A P A P A P A∩ ∩ ∩ =� �  
�H�I!�  

A"���I�  U�2"AB&%>I�  8>A B∩ ho m� $%?� B0> 4 ��A�B6+I�.  
q��%m� 8+ � > ,A �dS�.K�� 4������ �%"�? ���67 82��� 8+.  
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7��8$� �
���-� J���� �	34�  
[Multiplication Theorem For Conditional Probability]  

 �"�] �^P1 2, , , nA A A��dN q��%�  
1 2

1 2 1 3 1 2 1 2 1

( )

( ) ( | ) ( | ) ( | )
n

n n

P A A A

P A P A A P A A A P A A A A −

∩ ∩ ∩ =

∩ ∩ ∩ ∩

�

� �

  

2
34��  

 %� E���c�� 8+ 89�� {.Q��  
2 1 3 1 2 1 2

1
1 1 2 1 2 1

1 2

( ) ( ) ( )
( )

( ) ( ) ( )

( )

n

n

n

P A A P A A A P A A A
P A

P A P A A P A A A

P A A A
−

∩ ∩ ∩ ∩ ∩
× × × ×

∩ ∩ ∩ ∩

= ∩ ∩ ∩

�

�

�

�

  

 �
��)K( 6+ �." .H�� �%!" �6Q? �Z�!�AI� . � >� �;��] B0> 4%�m� 4����� �+
 8+ }]A4�  

6��  

h0!�c+ ho � B0> ���c+ b�� . �A -.�Z�A �;��] B0> 4%�m� q � %�
 �A�B� > B0> 4%�m� q � %�  8+ }]A4. �J Z> ,  

  1 2 1
( ) ( ) ( )

2 6 6
P A B P A P B∩ = = × =.  ����  

 �
��)L( �J�%K> �� >A �o�o �".�`�I�  �>%�r� 8+{1,2, 3, ,30}� ���I�   6;
$�1�P ��� .`�� . �A 4����� �+7� ����A �� >A M� �� >A �o�R�� �%2  

6��  

 M� ������ �� >��2, 3,5,7,11,13,17,19,23,29 ��� >�10.  �A -.�Z�A ,
B,CM�  q��%� �%2( �A4��� � 6�� ,£�R�� � 6�� ,e��R�� � 6�� ,���AI�  B0>

k�%���.  
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�J Z> , ���P %� 
%0Q��( )P A B C∩ ∩.82��  

  
( ) ( ) ( | ) ( | )

10 9 8 6

30 29 28 603

P A B C P A P B A P C A B∩ ∩ = ∩

= × × =  .����  
  

 M
� �	34�� �0M����[Partitions And Bayes Theorem]  

 q��%m� 82��1 2, , , nA A A� �I�¤(pC �Z�6�� '�[�S.  �A ,Ai jA A∩ = ∅

 �2�i j=/ �A�1 2 nS A A A= ∪ ∪ ∪�.  82���Bq � ,A .�J Z>,  
1 2

1 2

( )

( ) ( ) ( )
n

n

B S B A A A B

A B A B A B

= ∩ = ∪ ∪ ∪ ∩

= ∩ ∪ ∩ ∪ ∪ ∩

�

�

  

 q��%m� �A ���iA B∩�0��Z+  � �Z"dN:  

1 2( ) ( ) ( ) ( )nP B P A B P A B P A B= ∩ + ∩ + + ∩�  
 82��( ) ( ) ( | )i i iP A B P A P B A∩ = �2�i .�^P ,  

1 1 2 2( ) ( ) ( | ) ( ) ( | ) ( ) ( | )n nP B P A P B A P A P B A P A P B A= + + +�  
 8+ �06" �ZZ2���A j�.K�� 4������( )

( | )
( )
i

i

P A B
P A B

P B

∩
= .�^P,  

1 1 2 2

1 1 2 2

( | )

( )

( ) ( | ) ( ) ( | ) ( ) ( | )

( | )

( ) ( | )

( ) ( | ) ( ) ( | ) ( ) ( | )

i

i

n n

i

i i

n n

P A B

P A B

P A P B A P A P B A P A P B A

P A B

P A P B A

P A P B A P A P B A P A P B A

∩
=

+ + +

=
+ + +

�

�

  

 �Z�}� {.67 �H��Z�� b���p�;.  

o b e i k a n d l . c o m



@ @pýbányýa@ @QXQ@ @

  

 �
��)�N(  '�>�l B0> ,%�5 � '�?�� ��.]7'�.[` ��.] .�J�%K> �Z�X�I� 
�@%� �Z0H�� $�1�P ��� '�>%�� 8+ E.] .i.`A E.] |�^  6; �Z�X� ¡.  

)A (  '�?�� ��"�R�� E.2�� �%27 �A 4����� Uc��  
)
 (   E.2�� �%27 �A 4����� Uc�� ��"�R�� E.2�� �A ��0> �^P '�.[` ����

'�?��.  
6��  

 �A -.�Z�A �A� '�.[` ���� E.2�� �A q �B ��"�R�� E.2�� �A q �
'�?��.�A i." ��"����� E.HK��; �"�6����;  

  
)A (   ( ) ( | ) ( ) ( | ) ( )

7 5 5 4 55

12 11 12 11 132

P B P B A P A P B A P A′ ′= +
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 �
��)��(  �%;.K( � ��Z��� e0o� ����� �¥ �A �" 1� 4��S�� �&�� 	

¦����� 	 U�0m� . ,��c( �&�.�� 	 ��Z��� � > �A ��]2

5
 4��SA � >�&�.�� .

I��S �".�`� �J�%K>I� ¦����� 	 U�0m� 
.K( � /"A �" 1�� . �A 4����� �+
�Z; ��Q�� ��� �%2(I� �  

6��  

�A -.�Z�A q �A� ¦����� 	 U�0m� 
.K( � ��Q�� �A �G q �A �
�Z; ��Q�� �%2(I�  �A�B �� ��Q�� �%2( �A q �I� .�^P , ���P %� 
%0Q��

( | )P G A. �Z( � p�; �Z�}+ �� T���;  

  

( ) ( | )
( | )

( ) ( | ) ( ) ( | )

2 1 2
55 3 15

2 1 1 3 16 8

5 3 5 5 75

P G P A G
P G A

P G P A G P B P A B
=

+

×
= = =

× + ×

  ����  

 �
��)��(  ���� -.)� }�� �P � ;�  §A U�^ .�& �: |�^ ������F '�ZoA�I� .
] �^P M+.( �A 4����� ��[�� U��(�  §A U25% � ; M+.( �A 4������

 U[�� U��(�35% .� �?�� B0> �� �A U[�� U��( �A 4����� ��N  
6��  

 �A -.�Z�A �A� U[��  §A U��( �A q �BU[�� � ; U��( �A q � .
 ���P %� 
%0Q��( )P A B∪. �A ���A�B�dN ��!�c+  
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∪ = + − ∩

= + −

= + − × =  ����  

 �
��)� (  V� Z��� ,%�lA B0>20E.]�  V� Z��� ,%�l� '�.§ ��Z+ �c¥
B B0>15 E.]6'�.§ ��Z+ .�J�%K> h?� Z��� 8+ �] 8+ E.] �Z�X�I� . �^P

 �"�]P �� '�.§ �c�� i.`��� '�.§ ��N '�.�m� E.2�� �%27 �A 4����� ��
  ? V� Z��� 8+ ��X�A �  

 6��  

Z� �A -.�R �A q � E.2�� V� Z��� 8+ ��X�  ? '�.�m�A �A -.�Z��S

 �%27 �A q � %�P ��'�.§ �c�� i.`��� '�.§ ��. ���P %� 
%0Q��
( )

( | )
( )

P R S
P R S

P S

∩
=.  

 
�cm( )P S 8+ '�.�m� E.2�� �%27 �A �+P /"A ¨��A 8+ '�.�m� a� E.2���
BA8+ '�.�m� E.2�� �%27 �A �B8+ '�.�m� a� E.2���A. �dN ��©�  

5 9 15 6 125
( )

20 15 20 15 300
P S = × + × =.  

 �+AR S∩ V� Z��� 8+ '�.§ E.] B0> 4%�m� q � %�NA '�.§ a� E.]�

 V� Z��� 8+B .�^P ,5 9 45
( )

20 15 300
P R S∩ = × =.  

 �����%2(
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45 1300( | )
135 135 3

300

P R S = = =.  ����  
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 �
*�	3 ,.
����[Geometric Probabilities]  

 5�( ,��� M� Z©� 4������ �%��� <��¢ �������� �J�c+ 8+  ( 6�� 	
�!QZ+ �`�� �A ���!�c+ �6Q? B0> �Q!" $%?� �_.N . 4����� 
�c� 829 ��0N

 �A 4�%S�� �� T���; ���m� b�� 	 q m� w&%Z�� �%Hm� �A ����c��
�0R+�� �6�; |�^.  

 �
��)�&(  �A -.�Z�ABCDi%�c�� 	 ��Q�c+ .P ���o� �/��ª�  M�
( 5,0)A = − ,(5,0)B = ,(5,5)C = ,( 5,5)D = −.  �`�� �Q!" �".�`�

�J�%K> ��Q�c��I� . �A 4����� �+ !«  �Z(����� �Q!Z��y x≥�  
 6��  

 !« L�� ��Q�c�� �`�� �Q!Z�� �Z00f e�� ��Q�c�� h�(  N.�� �2K��  
y x≥. ;-.�  �AS �Z�6�� '�[N %�)��Q�c�� �`�� j�!Z�� *�Y ( �A�E %�

 �Z(�����  !« ��Q�c�� �`�� �Q!Z�� �A q �y x≥.�%2(  

  
1
5 10

12( )
5 10 2

E
P E

S

× ×
= = = =

×
.����  

 

 y

x

(5,5)C

(5, 0)B

( 5,5)D −

( 5,0)A − O

 e0R�� ���c+OCD  
 ���c+��Q�c��ABCD  
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 �
��)�)(  �Q!" �".�`�( , )x y�J�%K>I�  e�� i%�c�� 	3 0x− ≤ ≤  
 �0 3y≤ ≤.  E.J� �� �`�� �Q!Z�� *!7 �A 4����� �+

2 2( 1) ( 2) 1x y+ + − = �  
6��  

�� 82SM� � �Z�6�� '�[N j�!" �>%�Wj�!" M�  N.�� �2K�� 	 h��� *;.��� 
 82���A �`�� �Q!Z�� $%?� q � %�E.J� ��.�^P,  

  
  

  
21

( )
9 9

P A
π π×

= = =.  ����  
  

 ���� O�P� �
���.�[Probability And Counting]  

 �� T��� �P <��¢ �������� �J�c+ 8+  ( 6�� �m 	 ���Z��� L��  6�� V.S
0����h £�R��� 4��� .|�^ w�&%�� �0R+�� �6; � !".  
 �
��)�5( �J�%K>  (.N ����`�  (."I� 6;�A� '��SA �o�o 8+ �%2+�  8+ h&.#
 h;10 � '��SA12&.#I� .  §A U��Q�� �%2( �A 4����� �+ 8+ � ; -.����
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� ���T��  (.��� 8�&  
6��  

  (.��� ����`� V.S � >) �Z�6�� '�[N ._�Z> � >S (,��c(  
(10,3) (12,4) 59400S C C= × =.  

 82���A (.��� 8�& � ; -.����  §A U��Q�� ����`� q � %� .�J Z> , �^P
 U��Q�� ��]A V.Q�� 8+ � 6; 8(.`�� h���Q�� ����`� 82��N  (.��� 8�&  §

 ,��c((9,2) 36C =o�R�� ����`� 82��N  (.��� 8�& � ; ��] �^P�� .# h&
 ,��c( V.Q�� 8+ � 6; 8(.`��(11,3) 165C =. �^P,  

36 165 5940A = × =. �dN ����5940 1
( )

59400 10

A
P A

S
= = =.  ����  

 �
��)�G(  M���� ���� �+�2���� �&����� �.!+ 	 h0Hc�� 
�Q�� � >
 ,��c(220���SI�. ���1�80���SI� ¦�HZ; �.!�� .o�o �".�`�� �J�%K> 
�SI�.  �+

o�R�� �%2( �A 4������  
�S�����1�  ? � ¦�HZ; �.!��  
6��  

 82��S � �Z�6�� '�[N %�Ao�R�� ����1� q � %��  �&����� �.!� 
�S
�+�2���� .�^P,  

  (80, 3)
( )

(220,3)

A C
P A

S C
= =.  ����  

 �
��)�K(  	 �����c�� ���%� �%2�7�20��� o�o 8+ �(�%6c�� ��;.6��� 
 �(p�0�
� ��J�H©� 8+ E^%`�+ {�.�)��N�.� � >26 (6;��; �>%��+�  ��?�A

 �>%�r� 8+ E^%`�+{0,1,2, ,9}�. �J�%K> E���� ��%� �".�`�I� . �A 4����� �+
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��%0�� b�� ,%�« � , {.m�O �?.�� ��0�  
6��  

 �Z2��� ���%0�� � >)�Z�6�� '�[N ._�Z> � > ( ,��c(3 426 10×.  
6;�A 8+ �"%2�� �� >�� � >�  �?.�� ,%�« �� ��?�A0 %�4 410 9−.  

 � >���02�� o�o 8+ �"%2��� {.m� B0> ,%�« �� {�.�O %�3 326 25−

.  
�^P , {.m� B0> ,%�« �� ��Z(%27 829 L�� ���%0�� � >O �?.�� ��0%�  

4 4 3 3(10 9 ) (26 25 )− × −.  
 {.m� B0> ��%0�� '�%��� � > 4�����N ����O �?.���0%�  

  
4 4 3 3

3 4

(10 9 )(26 25 )

26 10

− −

×
.  ����  

 �
��)�L(  4��SA �"�[� ��Nl ,%�5 � �����0710��+�7.  �>%�W �".�`�
 ��� > 4��S�� 8+7. � �����0��� *�Y B0> �>%�r� ,%�« �A 4����� �+  

6��  

 ����`� V.S � >7A h; 8+ 4��S15I��S %�15!
(15,7) 6435

7 ! 8 !
C = =

×
.  

 ����`� V.S � >5 8+ �����075 %� �����07(5,5) 1C = � >� V.S ����`�
 8+ 8(���0710 %� ��+�7(10,2) 45C =.�^P ,%�  (.��� ����`� 4�����  

  1 45 1
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6435 143

×
= ≈.  ����  

 �
��)�N( � �>%�r� ,%�« �A 4����� �+ 4�R�� 	 E���T�)�¬ (q�o B0> 
� �?�� B0> �����07  
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6��  

q�o ����`� V.S � > %� �?�� B0> �����07  
(5, 3) (10, 4) (5,4) (10,3) (5,5) (10,2)

10 210 4 120 1 45 2745

C C C C C C+ +

= × + × + × =
  

�^P ,%� 
%0Q�� 4������2745 349
0.27

6435 1287
= ≈.  ����  

 �
��)��( {�.� ��"��R�� �Z6&�, , , , , , ,A D G I K N S U�J�%K>I�  5_ 	
 ��� . ��0] B0> 4%�m� 4����� �+KINGSAUD�  
6��  

 ��( �7 � >8 %� {�.�8!.  M� ��( ���� b�� 8+ �!N E ���

KINGSAUD.�^P ,%� 4������1 1
0.000025

8 ! 40320
= ≈.  ����  

  
 QR��� ,�S ,.
����[Binomial Probabilities]  

 U60�� ,�%6c�� 4�©� ,��"  (.N �A -.�Z�4 �A -.�Z�� �(�� ��(���+

 %� ��(����� b�� 8+ �] 	  (.��� �%N 4�����3

5
.   (.��� �%�( �A 4����� �+

� .`�� �6��� 	 .c­� ��(����� b�� �6�;  
 �;�1®�8> �Z2��� ���m� *�Y �� " 4�uc�� ��� . p+.�� � T�c" �Z>�
( )P X k= � 6; 4�©� ,��"  (.N �%��Z6��k*;��� ��(����� 8+  e��
0,1,2, 3,4k =.  
���� ���m� :( 0)P X = .�� .c­ ���m� b�� 	 4������ ��(����� *�Y  (.�

|�^  
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0 4
2 2 2 2 3 2 16

( 0)
5 5 5 5 5 5 625

P X
     = = × × × = × =        

  

��"�R�� ���m� :( 1)P X =.  �A ��"�R�� �A ���� E������ 	 �%��� ��"�2+P �Z� ¨��
�6;�.�� �A �R��R��.��N ����%� �Z� 4����  

( 1) ( ) ( ) ( ) ( )P X PWLLL P LWLL P LLWL P LLLW= = + + +  
 e��W � E������ 	 �%�0� p+.(LE������ E��cn p+.( .�dN ����  

1 3

( 1)

3 2 2 2 2 3 2 2 2 2 3 2 2 2 2 3

5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5

3 2 96
4

5 5 625

P X =

= × × × + × × × + × × × + × × ×

     = × × =        

  

@A ¨��k���� %XZ�� B0> 4������ ��� 
�c� 82�� : E����+ ����`� V.S � >
 %� ��(���+ *;�A h; 8+ ����(4,1) 4C =.  E ��� E����+ 	 �%��� 4������

 %�
1 3
3 2

5 5

     ×        
.�^P ,

3 3
3 2 96

( 1) (4,1)
5 5 625

P X C
     = = × × =        

.  

�R��R�� ���m� :( 2)P X = . �%��� 4�����h7���� ;�A 8+ %� ��(���+ *
2 2
3 2

5 5

     ×        
. %� ��(���+ *;�A 8+ h7���+ ����`� V.S � >�(4,2) 6C =. 

�^P,  
2 2
3 2 216

( 2) (4,2)
5 5 625

P X C
     = = × × =        
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�6;�.�� ���m� :( 3)P X = . ��(���+ *;�A 8+ ��(���+ q�o 	 �%��� 4�����

 %�
3 1
3 2

5 5

     ×        
 . %� ��(���+ *;�A 8+ ��(���+ q�o ����`� V.S � >

(4,3) 4C =. �^P,  
3
3 2 216

( 3) (4,3)
5 5 625

P X C
     = = × × =        

.  

�c+�n� ���m� :( 4)P X = .��+ *;��� 	 �%��� 4����� %� ��(�
4 0
3 2

5 5

     ×        
.  %� ��(���+ *;�A 8+ ��(���+ *;�A ����`� V.S � >

(4,4) 1C =.�^P,  
4 0
3 2 81

( 4) (4,4)
5 5 625

P X C
     = = × × =        

.  

�A ¨��  
( 0) ( 1) ( 2) ( 3) ( 4)

16 96 216 216 81
1

625

P X P X P X P X P X= + = + = + = + =

+ + + +
= =

  

�P  4����� ���
 �_�` ���� %� 4�R�� ��� 	 b�Z+ ? �+k 8+ ����HZ�� 8+n

 �;.C �A 8( m� ��^ �;.H�; ����:� b�� B�c7 e�� �0!�c�� ����:� 8+
k%"a; . ����:� �;.H��� b�� 	n ����:� b�� 8+ �] �H��"� �0!�c+ ��6�Y

M�  �K��� �A ¦�HZ��) �%���A 	 E��cn� �b�>A � !�� �Z��R+ .(I�R�N , �Z�!�A �^P
�� %� �;��] �%�f� ¦�HZ�� %� E�%_ �%�f ����>� 82��N �%!" �6Q?�K� , �^P�

�Z0H�� �." ,.H� �Z�!�A  ,��c( $%�r� �%2( �A ����>� 82��N $%�r�10 %�
 ,��c( � $%�r� �%2( �A %� �K��� � ¦�HZ��10 .�;�+�> E�%� , ��] �^P
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 %� k%"a; �;.C 	 ¦�HZ�� 4�����p %� �K��� 4����� �%2�N1 p− ¡ 8+�
 � > B0> 4%�m� 4�����k � > 8+ ����HZ�� 8+n%� �0!�c�� ����:� 8+  

( ) ( , ) (1 )k n kP X k C n k p p −= = × −.  
(�8( m� ��^ 4�����; E��> 4������ ��� B�c.  

 �
��)��( �!;�� E}` 8+ , 8+  ��� V%c�� E���� *��( /"A ������ *J�;  1�
c¥ �] h;� h?%c�+.  -.6�� ���15?%c�+I� ��c�� �%( . �A 4����� �+

 ,.�K(4���� ��Z+�� �  
6��  

k%"a; �;.C B0> 4�R+ ���  %� ¦�HZ�� 4����� e��1

5
 %� �K��� 4������4

5
 �

15n = , %� 
%0Q�� 4������( 4)P X =.  

  
4 11
1 4

( 4) (15,4) 0.002
5 5

P X C
     = = × × ≈        

.  ����  

 �
��)� (  �%!" �6Q? �Z�!�A8 ��.+) �AA �Z�!�8E ��� E.+ �%!" *Q? .( �+
 � �%_ q�o B0> 4%�m� 4�����  

6��  

E�%_ B0> 4%�m� %� ¦�HZ�� �A -.�Z� . �A  � ����1
1

2
p p= − =. 

���P %� 
%0Q��( 3)P X = .��^P  

  
3 5
1 1 1 7

( 3) (8,3) 56
2 2 256 32

P X C
     = = = × =        

.  ����  

 �
��)�&( .[`A �@%� b%1� *;�A� .§A ��@%� h�1� B0> ,%�l �." .H� .
 �.Z�� .H� �Z�+�7��.+ .� ���+� q�o 	 .§A /1� B0> 4%�m� 4����� �+  
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6��  

 %� �Z� ¦�HZ�� 4����� �A ¨��2 1
( )

6 3
p P R= = = %� �K��� 4������

4 2
( )

6 3
P G = =. ���P %� �Z� 
%0Q��( 3)P X =. �^P,  

  
3 4
1 2 16 560

( 3) (7,3) 35
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0 2y≤ ≤�J�%K>I� .6;.+ $%�W �%2( �A 4����� �+� 8+ }]A ���2�  

)�¶( [MAΘ 2007]  �A -.�Z�A ,B ,C ������� �0!�c+ q� �A �o�o
 M� ��>%?�1 ,0.5 ,0.7k�%��� B0>.hZo� $%?� 4����� �+��Z+   

� ��[��;  
)��( [MAΘ 2007] h�!�!� 8(� > �".�`� x �y�J�%K>I�  E.���� 	[ 1,1]−. 

 �%2( �A 4����� �+0.5x y+ >�  
)��( [Pascal 2009] E ��� E.+ �." ,.H� � ;�  §A 8+ �] B+� . �%2(

 ,��c( 8(.����� 8(� 6�� h; V.��� ��] �^P w;�.�� %�  §A1 . 4������+
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)��( [MAΘ 2005] h�!�!� 8(� > �".�`��J�%K> I�  E.���� 8+[ 20,10]− . �+

 �_�� �%2( �A 4������ .���� 8+ }]A ���.&  
)��( [MAΘ 2005] 6;�A �;�!7�  �>�Q+  �A 	 '� )�� ��1� 4��Z�� '�? _A

-�(.�� . E J��� ��� /7���� ¦���+ ��Z+ �] *&� '� )0� �©��Z7 '�ZoA
�J�%K> w�7����  �A ��Z+ �] 4��Z7 �6Q�0� �G���)+  Z>�I� . 4����� �+

 �?�� B0> �%2( �AA��� ¦���+ �`A �� �� /7�  
)��( ] 4%� L"%+ ���c+[Monty Hall Problem  

 L"%+ 4%� 	 ��!;�c+ À+�".; � !+ %�i �P  ���? e�� ���0��� ��%Z?
E ( 1 E���� M� w;�.��  ;�c��0� EpJ�µ� . %XZ�� B0> M� �!;�c�� h"�%?

k���� : ��?���; ��?.+ �0�!+ 
�%;A �o�o  1%71 ,2 ,3 �� �A '���
p>�+ 8(.`�� h;���� 8+ �] '���� E ( 1 E���� .�c��� ���­  �A  ;

�0` �A  !�6( ,��� 
�%;��E���c�� / . L"%+ À+�"}�� � !+ w��( |�^  6;
 '��� p>�+ .���N 8(.`�� h;����  �A 4%���c��� 4�c( ¡ 8+� 
�� �+  ;�

b���` B0> B!�( �A b���`� ,��� 
���� a�)�; U�.( ��] �^P . a)( ��
  ;�c���
���� � E���c�� Uc2( �A 4����� �+�  

)�°(  B0> ,%�l '�>�3 � '�.§ ���.`nE�.` '�?�� . 4����� ��] �^P
h7�.` UX� 4����� ,��c( 8(��?�� h7�.` UX� h�0�= h"%� 8+ 

 HN  
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��.�_�� �%0�� 8+ M?���� e0R��� ��; . ��Z�� B0> E���� ���� *&�  Z>
��K��� ��6� ,  ����� ����� ���m� 5�")*?.�7 (�R0o�  '�.���� ���m�

 ����� .�J�%K> E�^ ��� �".�`�I� �!���N ��Z�� B0> ���Z6&�� ��2�� 8+ .
� �%0�� '�[���� E���� 8+ �%27 �A 4����� �+ 

)�´(  82��{1,2, ,10}S = � 82���A 8+ ��Jp1 �>%�WS ��._�Z> � >
 ,��c(4 .�J�%K> �Z7.`�I�  ��Jp1 �>%�WB 8+S 8+ �"%2+4._�Z> .

 ���>%�r� �%27 �A 4����� �+A�Bh�0��Z+�   
)�¬( [AIME 1989] ��.+ �¥ �%!" �6Q? �Z�!�A . 4%�m� 4����� ��] �^P

 �!N E ��� E�%_ B0>� I�.�_ ��� h7�%_ B0> 4%�m� 4����� ,��c(
� �!N �%_ q�o B0> 4%�m� 4����� ��N �!N  

)°¶( [AHSME 1997] �.H� b%1� ��� 8+ �%2+ ���Z+ �] �." . b%1�
� �A ��?���; ��?.+ �1,2, 3,3,5,6�� ��?���; ��?.+ .`�� b%1

1,2, 4,4,5,6 . 8(� 6�� $%�W �Z0H�� E ��� E.+ �.Z�� ,.H� �Z�!�A
8(.����� .� > $%�r� ��� �%2( �A 4����� �+I� (�.NI� �  

)°�( [MAΘ 1992] � > ��!(.N U60(I� � �6��� ���[6;  & ��(����� 8+ Á
���?%�( �� 6;� ��(���+ *;�A �� �A Uc2( . Uc2( �A 4����� ��] �^P

(��c+ h!(.���  �AI�4�����  4����� ��N .`��  (.��� Uc2( �AA �
  6; ��?%�(6� ��(���+  

)°�( [MAΘ 1991]  �Q!" �".�`�P ,�J�%K>I��6Q!�� 8+AB e��M M�
 5��Z+AB . *Q!�� 8+ e0R+ 8(%27 ��"�2+P 4����� �+AP ,PB ,
AM�  
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)�(  /; '�>�5 � '�.[` ���.`7 � '�.�_ ���.`9'�?�� ���.` .
�J�%K> �Z�X�I�  ��� E�.`E '�>%�� 8+ . 4����� �+A E�.n� �%27 �

 '�.[`A� '�.�_ �  
6��  

 %� '�.���� � '�.[n� ���.n� � >5 7 12+ =.  %� '�>%�� 	 ���.n� � >

5 7 9 21+ + =.�^P , 4�����A%� '�.�_ �A '�.[` E�.n� �%27 �12 4

21 7
=

.  
)�(   0SAA6+ ��Z�� � ;�  §I� { � B0> . 4����� ��] �^PA  §A U��( �

 %� { ©�70% 4������A %� { ©� � ; U��( �80% N 4����� ��
A�  §A ¯Q­� { ©� � ; U��( �  

6��  

 �A -.�Z�A �A� { �0�  §A �;�_P q � %�B{ �0� � ; �;�_P q � %� .
�J Z> ,( ) 0.7P A = �( ) 0.8P B =.  %� 
%0Q��( )P B A′∩.  �A ¨��

���Z+ ho m�� .�^P ,  
( ) ( ) ( ) ( )(1 ( ))

0.8 (1 0.7) 0.24

P B A P B P A P B P A′ ′∩ = = −

= × − =
  

)�( �J�%K> �".�`�I�  �o�o 8+ �"%2+ �0J�>A4��S .  �A �%2( �A 4����� �+
 �� �?�� B0> �©��SAI�  �) �� ��Q�� �%2( �A 4����� ����>� B0>I� 

�Z; ��Q�� �%2( �A 4����� ,��c(I�(.  
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6��  

�^P  p+.��; �Z�0� �"p+�G �%0��  p+.��;B �A i.ZN1
( ) ( )

2
P B P G= = .
%� �Z�6�� '�[N �A ¨��

{ , , , , , , , }GGG GGB GBG BGG BBG BGB GBB BBB .��� , � > q �

 %�  �� �%1�GGG %� |�^ 4������1

8
.  ����4�����N  �0J�6�� i � �%2( �A

 %� �?�� B0>  ���  ��1 7
1
8 8

− =.  

)�( ;��� �"��� ¡ �%!" �6Q? �Z�+�I� +%c!+I�  �c¥ �PA ��] �(��c�+ '�p1
 N.�� ��.�� 	 w&%+ %� . 5?%7  6;Q? ��.!���� 
�� ��6�%!Z�� � ,

� ,�.N � > �A E�%_ B0> 4%�m� q � 4����� �+ 

 
6��  

%� �Z�6�� '�[N  
{( ,1),( , 2),( , 3),( , 4),( , 5),( ,1),( ,2),( , 3),( , 4),( , 5)}S H H H H H T T T T T=.  

%� ,�.N � > �A E�%_ B0> 4%�m� q �  
{( ,1),( ,2),( ,3),( , 4),( ,5),( ,1),( , 3),( ,5)}A H H H H H T T T=.  

�^P ,8 4
( )

10 5
P A = =.  

�1U 6�:  �A -.�Z�H� E�%_ B0> 4%�m� q � %�A �O q � %�
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,�.N � > B0> 4%�m�. %� 
%0Q��( )P H O∪.  
( ) ( ) ( ) ( )

1 3 1 3 8 4
( ) ( ) ( ) ( )

2 5 2 5 10 5

P H O P H P O P H O

P H P O P H P O

∪ = + − ∩

= + − = + − × = =
  

)�(  ��� >� ��%�+ e��R�� 5��� 
�S U�^30 ���SI�  �0�� 	
���� + . �%0[�( 
�Q�� ��] �^P ���N �0�.�� {.K+ 4�u�  Z>�

 �"�] ��1�� �� 
%]� �A ����c��Pk���� %XZ�� B0> �G�;�1 :17 ��Z+
����c�� �%0[�( ,19���SI� ��1�� �� 
%]� �%0[�( , � �!N �����S

(A ��[�(I� 8(���n� 8+ ,88(���n� �%0[�( 
�S . {.K�� ���`� �^P
���SI� �J�%K>I� �0> ����c�� �[�( /"A 4����� ��NI�  
%]� �[�( /"�;

[(A ��1�� ��I� �  
6��  

 �A -.�Z�S �A� ����c�� ��[�7 q � %�R 
%]� ��[�7 q � %�

��1�� �� . %� 
%0Q�� 4������( | )P S R .��� �( )
( | )

( )

P S R
P S R

P R

∩
=

.  

 82��17
( )

30
P R = �8( )

30
P S R∩ = .�^P ,

8
830( | )

17 17

30

P S R = =.  

)°(  '�±A �Z6&�22�>�I� ���N �� � !�� E.]  (.��  J�?)²;�](   (.���
  >�c+� (.���  J�? '�>� 	 . �".�`�11�>�I� �J�%K>I�  E������ -%n

 �6�� k� ��] B0> ��J��Z�� . �%2( �A 4����� �+ (.���  J�?   >�c+ �A

o b e i k a n d l . c o m



RPX@ @pbjïØ�Üa@ @

!(.���  J�?�� ���% I�6+ ��Zo� ��Z�; 8+  
6��  

 -.�Z�A �C �A� ²;�2�� ����`� q � %�V²;�2��  >�c+ ����`� q � %� .
 %� 
%0Q��( )P C V∪ . �A ���C V∩ = ∅�dN  

1 1 1
( ) ( ) ( )

22 22 11
P C V P C P V∪ = + = + =.  

)³( /�?%7 ¡ h7.+  N.�� �2K�� 	 h��� 
�� �� �����  6;�  4����� �+
� h7�� �� 	 h�0�= h"%� B0> .�u�� 5?%�( �A 

 
6��  

 �[NAM� ���c�� b�� �m �!(.S ��"����� E.HK�� �� T���.  
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 e��B �R �Y�� �.§�� ��%��� �%0�� B0> .�u�� 5?%7 q � �P p+.7 .�_

k�%��� B0>.  
h�0�= h"%�  Z> .�u�� 5?%7 4����� %� 
%0Q�� . 5?%7 4����� �A ¨��

%� h7�� �� 	 /c�" �%0��  Z> .�u��1 1 1 1 1 1 3

2 2 4 4 4 4 8
× + × + × =.  

�^P ,%� h7�� �� 	 h�0�= h"%�  Z> .�u�� 5?%7 4�����3 5
1
8 8

− =.  

)´(  ��_�> 
%�� 4����� � ��0+�I�  %� -�(.�� B0>1
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.  ��_�6�� ��� �^P

 � -�(.�� B0> ��0+.��I�  %� ��6�� �P ���� 
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6��  

��;��A  � ��"����� E.HK�� �� T  

 
�^P , � ��60� ���� U��( �A 4�����I� %�  

1 1 4 19 1 76 86 43

5 2 5 20 10 100 100 50
× + × = + = =.  

  
)¬( � ���c�� �� T��� �!(.S 4��] � T�c(���p)��  � . 4��] U�^

���� �c¥ /��61 	�  ��0� .  Z> 4�p)�� U��( 4��] �A ��0> �^P
 4�����; ��c�� M+�90% �� T���; 4�p)0� 4��] �;�_P 4����� ��N

� �c�n� /+��� 8+ .R]�� B0> ���� �6;�A  
6��  

 %� �Z� ¦�HZ�� 4�����0.9p =.  �K��� 4������0.1q = . %� 
%0Q��

�c�( 1) ( 2) ( 3) ( 4)P X P X P X P X= + = + = + =.  

 ,��c( 4������ ��� 82��1 ( 5)P X− = .�dN ����  
5 0 51 ( 5) 1 (5,5)(0.9) (0.1) 1 (0.9)P X C− = = − = −  

)�¶( [AJHSME 1987] .K> /; '�>�  �� >��; ��?.+ ��.]1 �P10. 
�J�%K> '�>%�� 8+ E.] 4�Y UX�I� . E.] ��c� UX� |�^  6;

��_�> 
%��

��_�> 
%�� � >

��60� ���� U��(
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��60� ���� U��(
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A i.`Y ���X� L�� E.2�� 8> ��0�=��J�%K> 4I� . �%2( �A 4����� �+
�1�� h�;%Xc�� h7.2�� B0> 8(� 6�� $%�WI� �  

6��  

W �%2( M2��1�� 8(� 6�� $%�I�  �"%2( �A �A h(�.N ��� 6�� �%2( �A U�
h�1�� . ,��c( ��1�p�� �� >�� � >5 ,��c( �(�.��� �� >�� � >�5.  ���+

 ��?.��� '�>%�� 	 ��?���� ��.2�� � > �dN 4�Y /�X� ,��� � 6�� $%" ��]
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%Xc�� � 6�� $%" ��Z;4 .�^P , %� 4������4

9
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)��( [AJHSME 1989] .(� 7  Z> b�"�A �2K�� 	 hX&%�� h;�� �� , ��(
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�1��I� � 

  
 

6��  

W �%2( M2��1�� 8(� 6�� $%�I� �� 6�� �%2( �A U� ��>%Z�� ��" 8+ �) �+P
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 %� '�?�p�� ��.2�� � > ��]6�J�%K> '�?�� E.] UX� 4������I�  %�
1

4
� '�.[n� ��.2�� � > ��N  

6��  

 �A -.�Z�x'�>%�� ��(%�l L�� ��.2�� � > %� . �A ��1

4
 �A i." '�?�� ��.2��

1
6

4
x =.  �^P24x =.  %� '�.[n� ��.2�� � > �%2(�24 6 18− =.  

�1U 6�:  �%27 �A U� ��.2�� $�;�A �o�o �dN '�?�� M� ��.2�� *;� �A ��
'�.[` .'�?�p�� ��.2�� � > {�6&A �o�o %� '�.[n� ��.2�� � 6N ���� . ,A

 �A3 6 18× =.  
)��( [AJHSME 1992] �Z�+� (� 6�� 
.& �_�� �Z0H�� �." ,.H�8 .
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6��  

�A  � �Z�6�� '�[�� 4� 1 ��6;  
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�J�%K>I� Z+ �`��Q 82��� �(.J�� �!BZ�� b�� �%27 �A 4����� �dN �`�� �Q!
 ��Jp1 �!QZ+A 8+B ���c+ h; ��cZ�� %�A�B. ���c+ 82��B ,��c7

22 4π π× = ����c+A,��c721π π× =.^P� ,%� 4������1

4 4

π

π

=.  
  
)�°( [AJHSME 1997] ��0�= '�±A �© ��N 
�S 8+ �o�o . '�±�� �Z��]

��J�? 	 .� ��;.6�� ��J�H©� Uc� ��7.+ '�±�� �%27 �A 4����� �+  
6��  

A {�.m�; A �7 '�±�� �A -.�Z� ,
 ,< .M� {�.m� b�© �Z2��� ����7.���:  
< 
 A ,
 < A ,< A 
 ,A < 
 ,
 A < , ��� >� A 
 <6 . U�7.��� 82��

< 
 A %� ��Z�;  ��%�� MJ�H©� .�^P ,4������  %�1

6
.  

�1U 6�: �� U��Q�� ����`� V.S � > %� 4�3 £�R�� U��Q�� ����`� V.S � >�
 %�2%� e��R�� U��Q�� ����`� V.S � >�1 .�^P , 
�Q�� ����`� V.S � >

 %� �o�R��3 2 1 6× × =. �J�H� h�7.+ �%"%2( M2� �!N  ��� ����`� x�Z��I� 

�^P , %� 4������1

6
.  

)�³( [AJHSME 1997]  ���Z+ �2� �." �.H�8��?���; ��?.+ /1�A  
1 ,2 ,� ,8 M+�  Z> b%1%�� B0> �� >�� �%�f ������� e��

�(��c�+ ��6�Y .Hm� . �_�� �%2( �A 4����� ��N 8(.Hm� �Z�+� �^P

o b e i k a n d l . c o m
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 8+ }]A 8(.����� 8(� 6�� 
.&36�  
6��  

 %� �Z�6�� '�[N ._�Z> � >8 8 64× = . �_�� 8(� > B0> 4%�m� q �
 8+ }]A ���.&36%�  

{(5,8),(6,7),(6,8),(7,6),(7,7),(7,8),(8,5),(8,6),(8,7),(8, 8)}.  

._�Z6�� � >  ,��c(10 .�^P ,%� 4������10 5

64 32
=.  

)�´( [AJHSME 1998] �J�%K> h�0�= 8(� > hc« ���`�I�  �>%�r� 8+
{8,9,10}���6Y ¡ .�J�%K> h�0�= 8(� > ·.] ���`��I�  �>%�r� 8+
{3,5,6}���.& �_��  1�� . ��� L�� �H��Z�� �%27 �A 4����� �+

� ·.] ���0> ��� L�� �H��Z�� 8+ }]A hc« ���0>  
6��  

M� hc« ���0> ��l L�� ��!��8 9 17+ = �8 10 18+ = �
9 10 19+ =.  

M� ·.] ���0> ��l L�� ��!���3 5 15× = �3 6 18× = �5 6 30× =.  
 B0> hc« ��� �^P174�����N  %� ·.] /�0> ��� �# }]A |�^ �%2( �A

1

3
) ��17 8+ }]A15�!N.( B0> hc« ��� �^P18 |�^ �%2( �A 4�����N

 %� ·.] /�0> ��� �# }]A1

3
[(AI� )18 8+ �!N }]A15 .( hc« ��� �^P

 B0>19 %� ·.] /�0> ��� �# }]A |�^ �%2( �A 4�����N2

3
) ��19 }]A

 8+15 �18.((A hc« ���­ �A 4������I� o�R�� *�+�r� 8+�  %�1

3
. �^P ,
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%� 
%0Q�� 4������1 1 1 1 1 2 4

3 3 3 3 3 3 9
× + × + × =.  

)�¬( [AMC8 2002] ��q�o �P �c!+ �J�� B0>  06+ 
�   S�Z+A ,
B ,C N.�� �2K�� 	 h�+ %� ��] . 	 ��c�� 5?%�( �A 4�����

 �!QZ��A %�1

3
 �!QZ�� 	 /�?%7 4������B %�1

2
. � �+ �A 4����

 �!QZ�� 	 ��c�� 5?%�(C� 

  

 

 6��  

 ,��c( �������� $%�W �A ��1 �!QZ�� 	 ��c�� 5?%�( �A 4����� �dNC

%�1 1 5 1
1 1

3 2 6 6

 − + = − =  
.  

)�¶( [AMC8 2007]  {�.m�; ��06+� .§A �@%� ��.] *;�A �Z( �
, , ,A B C D {�.m�; ��06+� .[`A �@%� ��.] *;�A�, , ,A B C D

.h7.] �Z�X� . �+�%27 �A 4����� h��06+ �A /c�" �%0�� 8+ ��7.2�� 
� ��c�" �+�6��;  

6��  

 8+ h7.] ����`� V.S � >8 %� ��.]8 7 56
28

2 2

×
= =.  

%� .§�� �%0�� 8+ h7.] ����`� V.S � >4 3
6

2

×
=.  

A

B
C

o b e i k a n d l . c o m
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 �%0�� 8+ h7.] ����`� V.S � >%� .[`��4 3
6

2

×
=.  
%� /c�" {.m�; h��06+ h7.] ����`� V.S � >4)AA ,BB ,CC ,DD

 .(�^P ,%� 
%0Q�� 4������6 6 4 4

28 7

+ +
=.  

%� 4������ ��� �A ¨��:(4,2) (4,2) 4 4

(8,2) 7

C C

C

+ +
=.  

�1U 6�:  �A -.�Z�C �A� /c�" �%0�� 8+ h7.] ����`� q � %�L %�
hN.m� ��" ��© h7.] ����`� q � .��J Z>  

(4,2) (4,2) 12
( )

(8,2) 28

C C
P C

C

+
= =  �A�4 (2,2) 4

( )
(8,2) 28

C
P L

C
= =.  �A ���

C L∩ = ∅ %� 
%0Q�� 4������ �dN  
12 4 16 4

( ) ( ) ( )
28 28 28 7

P C L P C P L∪ = + = + = =.  

)��( [AMC8 , 2003]  �." .H� M+�  Z>/>%?��  � �Z"dN ����S wQ� B0>
����� /1%�� �(ª� *�Q�c" . �� >�� 
.& �_�� �%2( �A 4����� �+
ª� *�Q�c" L�� �c�n�B0> ��c!�� ��!( �c�n� /1��� B0> ���(  

 � 6��6�  
6��  

�����` x�Z� , .����� a� /1%�� �%2( �A �+P,��c(6 ,��c( � �A6.  
 ,��c( ��] �^P6�c�n� �� >�� 
.& �_�XN %� i.`��

1 2 3 4 5 120× × × × = � 6�� B0> ��c!�� ��!( � 6�� ����6. � ��] �^P �+A
 ,��c(6 � 6�� .���cN6 %�N ¡ 8+� E.����� �� >A �c�n� 
.& �_�� 	

 � 6�� B0> ��c!�� ��!(6 .�^P , %� 4������1.  
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)��( [AMC8 2007] ��?���; ��?.+ V�%�� 8+ *Q? *;�A B0> ,%�l ��]  
1 ,2 ,3 ,4 ��?�%�� *�Y ��?�A���0�= . E ��� ��?�� q�o �Z�X�

U7�.+ q�o 8+ �%2+ � > '�K"
 $�1�P ��� i.`��  6; . �+
A 4������>�[+ � 6�� ��� �%2( �I�  � 60�3 �  

6��  

 60� ��>�[�� �� >�� �3  � 6�� ��( �7 M�123 ��� >�6 � 6�� ��( �7�
234[(A ��� >�I�6 . %� �� >A �o�R�� UX� V.S � >4 3 2 24× × =.  

�^P ,%� 4������6 6 1

24 2

+
=.  

Â��+ U�7.��� 82( y �^P �AI� )�Z� 4�m� %� ���� (o�o ����`� V.S � 6N�  �� >A
 8+4 %�4� > ����`� V.S � >� 5>�[+  � 60�3 %�2)123 �A234 .(

�^P� %� 4������2 1

4 2
=.  

)��( [Aust.MC 1984]   (��Z_ �o�oA ,B ,C� 8+ �] ,%�l
 h?� Z���A �B V� Z��� ,%�l� '�[�; E ��� E.] B0>C B0>

16'��%� ��.] ��� '�[�; E.] .�J�%K> �".�`�I� ?� Z_I�  �Z�X� ¡
V� Z��� ��� 8+ E.] .� '�[�; �;%Xc�� E.2�� �%27 �A 4����� �+  

6��  

 %�  (��Z��� 8+ �] ����`� 4�����1

3
 .�^P ,%� '�[�; E.2�� �%27 �A 4�����  

1 1 1 16 10
1 1

3 3 3 22 11
× + × + × =.  
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)��( [AMC8 2007]�2K�� 	 h��� ����� ��6� ¦%� 	 , E.J� �� .Q? 5�"
 ,��c( Ea�2��6 ,��c( Ea)��� E.J� �� .Q? 5�"�3 .�c!7  {��"A

I�] ��Q?�� Z��+ �!;�Q�+  S�Z+ q�o �P h7.J� �� 8+I�  ���!�� ���0>
�(� 6�� . ��c" %� �Z�6+ �!QZ+ ��c�� U��( �A 4����� b�� ���c+

Ea�2�� E.J� �� ���c+ �P �!QZ�� .h��� M+�  Z> �%27 ¦%0�� B0> 
 h�!QZ�� ,� > $%�W M� U>��� ���0> ��� L�� j�!Z��0��h�  *?�

��0>�����c�� � . U>� ���0> ��� L�� j�!Z�� �%27 �A 4����� �+
� ,�.N � > M� 

  
 

6��  

I��� �%!" ��0�T��  S�Z�� ���c+ 
�c�.  
e0o ,��c( ��0`� ��  S�Z�� 8+ �] ���c+ ,A Ea)��� E.J� �� ���c+  

1
9 3

3
π π× =  

� 8+ �] ���c+L��c+ h; V.��� e0o ,��c7 ��!0m h7.J� �� .,A  
1 27
(36 9 ) 9
3 3

π

π π π− = =  
%� ,�.N � > B0> ��c�� *!( �A 4�����  

3 9 9 21 7

36 36 12

π π π

π

+ +
= =  

2
2

1 1
2

1
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).N � > �%1� ¨��N 8(� >� Ea)��� E.J� �� 	  ��� ,�h(�. h�!QZ�� 	 
h7.J� �� h; h�6?�%��(.  

%� M1�� � > B0> ��c�� *!( �A 4�����  
3 3 9 15 5

36 36 12

π π π

π

+ +
= =) �A7 5

1
12 12
− =.(  

��� ,8+ ,�.N $%�W B0> ��¢)M1��� ,�.N ( �A),�.N� M1�� .(P�^ ,

%� ,�.N $%�W B0> 4%�m� 4�����7 5 5 7 35

12 12 12 12 72
× + × =.  

)��( [Aust.MC 1988]  	 ��]� ���? '�.K� �;�+ �F �P ��0� U�^
 /���F12�%!" �6Q? , �] 8+ *Q? q�o 8+ ��¤���104��(� ,20

4��(� ,504��(� ,1004��(� ./( � �;��� �F �A ��0� ¨�� 
 �J�� ���!�� *��( e�� ��[��¸4��(� �!N . '�.� ��0� �.? �A  6;

�J�%K> �%!" *Q? q�o UX� ���!��I� /���F 8+.  �A 4����� �+
q�R�� $%�W �%2( �N�] �?�� B0> *Q?I� � ���!�� 8¹ *N �  

6��  

 *N � {�] a� *Q? q�R�� $%�W �%2( ���!�� 8¹).)_A $%�r� ,A  
8+100 (������� ��¤��� 8+ �"%2+ �"�] �^P:  
)0 �6Q? 8+ �¤N50 �¤N 8+ *Q? q�o�10 �A20( �A)1 �¤N 8+ �6Q?50

 �¤N 8+ h�6Q?�10 �A20 .(%� V.Q�� b�� � >  
(3,0) (6, 3) (3,1) (6,2) 1 20 3 15 65C C C C+ = × + × =  

 ����`� V.S � >�38+ *Q?12%� �6Q?12 11 10
(12,3) 220

6
C

× ×
= =.  
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�^P, q�R�� *Q!�� M�27 � �A 4����� %� ���!�� '�.K�65 13

220 44
=.  

 ����q�R�� *Q!�� M�27 �A 4����� �dN  '�.K� ���!��%�13 31
1
44 44

− =.  

)�°( [Aust.MC 1989]� ��@��cZ; ���%�K�� � ;�  §A ��!( ���  �7
 6; ��!�0( �A B0>  �>�%�0� E%�!�� 
.K� ��"�� 82"� �F 	 .���� .

I�] 82�� /�0>  ���� '�!0�� �?� Mc" ���]  %�  >%�� �A .]�7 ���Z+
º'�c+ �c+�n�� ��"�R�� �>�c�� h; . h;  >%�0� 
����� ���Z+ �] �.?

º'�c+ �c+�n�� ��"�R�� �>�c��  ¡ 8+� �>�� 5�" ����"��������)E  �^P
  ( ��� .[l y.`�� .�  >%�� 	 ��!( ��� M!�0( �A 4����� �+  

6��  

 �_�  §A �A -.�Z�  Z> �>�c��2 x+ �>�c��  Z> �_� � ;�2 y+ e��

0 , 3x y≤ ≤. ��] �^P ��;�!��� ��@dN ����1

2
x y− ≤ . ��@� ,A

 N.�� �2K�� 	 h��� �(.K�� ���c+ 	 ��;�!���  
  

  
%� ��!�0( �A 4����� �%2( ����  

1

2 1

2

1
2
2

1
2
2

x

y
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2

1 1 1 253 3 2 2 2 9
2 2 2 114

9 363

    × − × ×    −     
= =.  

)�³( [Aust.MC 1982]  �"�`A16 8+ �"%2+ U6� �?��4x%0+,  
4 ���20+4
��� ,4��_z . �1 V����� �0`  6;I�  ���> UX�

�J�� V����� %��I� h�?���J�%K> k�%��� B0> I� . ¦._ ¡" �?�� B0>
P�20+ M� h�?�%�� i � ."����� �+ �20+ h�?�%�� 8+ �] �%27 �A 4
�  

6��  

,��c( 
%0Q�� 4������  

  
  

,��c( b�� ; ����  

  
  

��� ,h�20+ ����`� V.S � >%� ��20+ *;�A 8+ 4 3 12× =.  
 �%27 �A 82��� 8+ /"A ¨�� E ��� �20+ ����`� V.S � > 
�cm� M� �20��

��"�R�� �?�%�� �A ���� �?�%��. %� V.Q�� � 6N ����4 12 4 12 96× + × =

.�^P , %� 
%0Q�� 4������12 12 1

12 96 108 9
= =

+
.  

)�´( [AMC10A, AMC12A 2002] �J�%K> B0�� ����`�I� h�0�= 8(� > 
 �>%�r� 8+{1,2, 3,4,5}�J�%K> ��6� ����`��I� � >I�  �>%�r� 8+
{1,2,3, ,10}� . }]A ��6� /7���`� ,��� � 6�� �%2( �A 4����� �+

>h�20+ ����`� V.S �  *;�A 8+ 
��20+  E ��� �20+ ����`� V.S � >+ �20+ ����`� V.S � >h *;��� 8+ 

��20+ 

>h�20+ ����`� V.S �  *;�A 8+ 
��20+ >h�?�� ����`� V.S �  ��� �?�� B0> E �Z+� �

�20+ 
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� B0�� ��G���`� 8(�0�� 8(� 6�� $%�W 8+  
6��  

 8+ 8(� > ����`� V.S � >5 %�(5,2) 10C = . 8+ � > ����`� V.S � >�
10 %�10.�^P , ��02�� V.Q�� � >����`� %� �� >��10 10 100× =.  
��� , /7���`� ,��� � 6�� ���N �%2( L�� V.Q�� � > ���
 ������� ���m� �� "

B0�� ��G���`� 8(�0�� 8(� 6�� $%�W 8+ }]A ��6�:  
• $%�W  ,��c( 8(� 6��3:  %�� ���n� ��© E ��� �!(.S x�Z�(1,2) 8+�

 8+ � > ,A ����`� ��6� *�Q�c7 ¡4 �P10 . ���m� b�� 	 V.Q�� � >
%�1 7 7× =.  

•  $%�W6�� � ,��c( 8(4:  %� B0�0�  ��� ���`(1,3)����  �����`
 8+ �� >�� M� ��6c�5 �P10.  %� �Z� V.Q�� � >1 6 6× =.  

•  ,��c( 8(� 6�� $%�W5:  �� B0�0� �����`(1,4) �(2, 3) .c¥� 
 8+ M� ��6c� �����`6 �P10 . %� �Z� V.Q�� � >2 5 10× =.  

•  ,��c( 8(� 6�� $%�W6:  �� B0�0� �����`(1,5) �(2, 4)6;�A�� 
 8+ ��6c� �����`7 �P10. %� �Z� V.Q�� � >2 4 8× =.  

•  ,��c( 8(� 6�� $%�W7:  �� B0�0� �����`(2,5) �(3,4)o�o�� 
 8+ ��6c� �����`8 �P10. %� �Z� V.Q�� � >2 3 6× =.  

•  ,��c( 8(� 6�� $%�W8:  %� B0�0�  ��� ���`(3,5) �� ��6c� �����`�
9 ,10.  %� �Z� V.Q�� � >1 2 2× =. 

•  ,��c( 8(� 6�� $%�W9:  %� B0�0�  ��� ���`(4,5) ��6c�  ��� ���`�
 %�10. %� �Z� V.Q�� � >1 1 1× =.  
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�^P ,%� B0�� ,� > $%�W 8+ }]A ��6� � > �%2( �A 4�����  
7 6 10 8 6 2 1 40 2

100 100 5

+ + + + + +
= =.  

)�¬( [AMC10A, AMC12A 2003] �J�%K> �".�`�I� ±�?I� �1%+I�  � 60�60 .
 8+ .)_A ���!�� ��� �%2( �A 4����� �+7�  

6��  

I��A ¨��  �A260 2 3 5= × × . ,��c( ��1%�� /±�%? � 6N ����
3 2 2 12× × =.  

 8+ .)_A L�� ��1%�� ���%!��7 ��� >6 M��1 ,2 ,3 ,4 ,5 ,6 .�^P ,

 8+ .)_A ���!�� �%2( �A 4�����7 %�6 1

12 2
=.  

)�¶( [AMC10A 2003]  �Q!" �".�`�( , )x y�J�%K>I�  ,��� ��Q�c�� �`��
 /��ª�(0,0) ,(0,1) ,(4,0) ,(4,1) . �%2( �A 4����� �+x y<�  

6��  

 M� ��Q�c�� ���c+4 1 4× =. ��!�c��y x= h�Q!Z�� 	 ��Q�c�� *Q!(
(0,0) �(1,1).�^P , �!QZ�� ���c+x y< /��ª� ,��� e0R�� ���c+ M�

(0,0) ,(1,1) ,(0,1) M��1 1
1 1

2 2
× × =.�^P , 4�����x y<,��c(

1
12

4 8
=.  

)��( [AMC10A 2003]  �>%�r� 8+ � > ��!( �A 4����� �+
{1,2,3, ,100}� B0> ��c!��2 B0> ��c!�� ��!( ��3�  
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6��  

 B0> ��c!�� ��!7 L�� �� >�� � >2%�100
50

2

 
  =
  

.  

 �� >�� � >L��  B0> ��c!�� ��!72 �3 B0> ��c!�� ��!7 L�� �� >�� � > %�

(2,3) 6lcm = � ,��c( � 6�� ���100
16

6

 
  =
  

.  

�^P , B0> ��c!�� ��!7 L�� �� >�� � >2 B0> ��c!�� ��!7 ��3 %�
50 16 34− =.� B0> ��c!�� � 6�� ��!( �A 4�����N ���2 ��c!�� ��!( ��

 B0>3 %�34 17

100 50
=.  

)��( [AMC10B 2003]  h7�.`� .§�� �%0�� 8+ h7�.` B0> '�>� ,%�l
.[`�� �%0�� 8+ . �); '�.§ E�.¼ �© ����� '�>%�� 8+ E�.` UX��

�;%Xc�� E�.n� �%� 8> .�Z�� . 	 ���.n� *�Y �%27 �A 4����� �+
� ���.` q�o 4� ����� UX�  6; .§�� �%0�� 8+ '�>%��  

6��  

 ���.n� *�Y w��7 M2� UXc�� 8+ ��.+ q�o  6; .§�� �%0�� 8+
A UH�N 4� ������8(��.[n� h7�.n� �Z�X�  ? �%2" �  ���Xc�� b�� 	

q�R�� %� 4������ ����  
( ) ( ) ( )

2 1 4 2 3 1 2 2 1 1 3 1 9

4 4 4 4 4 4 4 4 4 8 32 16 32

P GGR P GRG P RGG+ +

= × × + × × + × × = + + =
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)��( [AMC10A 2004] �J�%K> j�!" q�o �".�`�I� *c��� j�!Z�� 8+  �Z����
 N.�� �2K�� 	 ."�] �^P ������� �q�R�� j�!Z�� ����`�  ��6�Y

� E ��� �+�!��� B0> j�!" q�R�� �%27 �A 4����� ��N �(��c�+ 

  
 

6��  

 h; 8+ j�!" q�o ����`� V.S � >9%� j�!"9 8 7
(9,3) 84

3 2
C

× ×
= =

×
.  

 ,��c( �Z2��� ����!�c�� � >8o�o M��� o�o� ��!NA ����!�c+ ����!�c+ �

�.Q?� ���A�� .�^P , %� 
%0Q�� 4������8 2

84 21
=.  

)��( [AMC10A 2004]  �%!Z�� �6Q? �Z�+�A �6Q? �Z�+�� ��.+ q�o
 �%!Z��B��.+ *;�A . �A 4����� �+(� > �%2� > �Z0�� L�� �%��� ���0

h(��c�+ �%!Z�� L6Q? M+� 8+ �  
6��  

� > B0> ��¢h(��c��Z( �%��� 8+ ,��c( �%��� � > ��] �^P  
0�A1�A2�A3.  

� > B0> 4%�m� 4�����0%� �%��� 8+
3 4
1 1 1

(3,0) (4,0)
2 2 128

C C
      =        

 B0> 4%�m� 4�����E ��� E�%_ %�
3 4

1 1 12
(3,1) (4,1)

2 2 128
C C

      =        
.  
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 B0> 4%�m� 4�����h7�%_  %�
3 4
1 1 18

(3,2) (4,2)
2 2 128

C C
      =        

.  

 B0> 4%�m� 4������%_ q�o %�
3 4
1 1 4

(3,3) (4,3)
2 2 128

C C
      =        

.  

�^P ,B0> 4%�m� 4����� �%��� 8+ h(��c�+ 8(� > %�  
1 12 18 4 35

128 128

+ + +
=.  

)��( [AMC10B 2004]  ���Z+ �2� �." ,.H� �Z�+�8 ��?.+ b%1�
 8+ ��?���;1 �P8��Z0H� h(%06�� h�1%�� B0> 8(.����� 8(� 6�� . �+

(� 6�� 8(�� 
.& �_�� �%2( �A 4������ ���>%�W 8+ }]A 8  
6��  

� �A -.�Zm �n ��h(%06�� h�1%�� B0> ��.����� ��� 6�� . � >  HZ�
 ��7.�� <�����( , )m n  !« L��mn m n> +.����  

0

1 1

( 1)( 1) 1

mn m n mn m n

mn m n

m n

> + ⇔ − − >

⇔ − − + >

⇔ − − >

  

 ��7.�� <����� � > 
�c� ����� 8+( , )m n  !« L��( 1)( 1) 1m n− − ≤

.  
 �A ��1m − �1n − ��X�X_ ��� > �� ��!!l1 7n − ≤ �0 1m≤ −

 �dN( 1)( 1) 0m n− − = �A( 1)( 1) 1m n− − =.  
��� ,( 1)( 1) 0m n− − = ��] �^P �!N� �^P1m = �A1n = . � >

 ��7.�� <�����(1, )n ,��c(8 ��7.�� <����� � >�( ,1)m ,��c(8  
 U7.�� <�p�� ¦.Q;�(1,1)h7.+ �.27 ,��� %� <����� b�� � > �A  � 
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8 8 1 15+ − =.  
[(AI� ,( 1)( 1) 1m n− − = ��] �^P �!N� �^P2m n= = . �Z�Q6( ����
1��I� �7.+I�  ���%� I�(2,2) .�^P ,�� � > ��7.�� <���( , )m n !« L��

( 1)( 1) 1m n− − > %�64 (15 1) 48− + =. %� 
%0Q�� 4������N ����
48 3

64 4
=.  

)�°( [AMC10A 2005] q�o �Z�0>  �+�6��; ��S�;X h�S�; �Z�0>�
 �+�6��;O. ��n� �Z6&� �J�%K> ��S�;I� 5_ 	. �A 4����� �+

 %� U�7.��� �%2(XOXOX�  
6��  

��n� ����7.7 � >  ��S�;)3�+�6��; ��06+X �2�+�6��; ����06+O ( %�
5!

10
!2! 3!

=
×

. A.!(  ��� U�7.7 �!N  1%(XOXOX.�^P ,4������  

 %�1

10
.  

)�³( [AMC10B 2005]  ��?���; ��?.+ b%1� ��� �^ �." .H�
1,1,2,2,3,3 ��?���; ��?.+ b%1� ��� �^ .`z �." .H��
4,4,5,5,6,6 . B0> 8(.����� 8(� 6�� �Z0H�� �.Z�� ,.H� �Z�+�

h(%06�� h�1%�� .$%�W �%2( �A 4����� �+ (�.N 8(� 6�� 8(��I� �  
6��  

 ,�.N $%�W B0> ��¢ M2�(�.N 8(� 6��  �A �%2( �A U�I� �1�� .`���I� .
�^P ,������ �Z( �.  
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• M1�� £�R�� B0>� ,�.N 4��� .Hm� B0> .����� � 6��: 

%� ���m� b�� 	 4������4 4 16 4

6 6 36 9
× = =.  

•  � 6�� .�����M1�� 4��� .Hm� B0> ,�.N £�R�� B0>�: 

%� ���m� b�� 	 4������2 2 4 1

6 6 36 9
× = =.  

�^P ,%� 
%0Q�� 4������4 1 5

9 9 9
+ =.  

)�´( [AMC10B 2005]  �Z�+�12 .H� �."E ��� E.+. �%2( �A 4����� �+
� > �(%06�� b%1%�� B0> E.����� �� >�� 
.& �_��I� ���AI� �  

6��  

�� 
.& �_�� �%2( M2����� �� >I�  � 6�� .��( �A UH�N1 b%1� B0>11

.H�I� .K> £�R�� .Hm� /1� B0> k�A � >�.  1%((12,1) 12C = �!(.S
k�A � > /�0> .��( ,��� .Hm� ����`� . %� ������ �� >�� � >�3 .Hm� B0>

4�����N  %� k�A � > �%�f1

2
 � 6�� �%�f 4������1�� 8+ �] B0> %� ��H�

1

6
 . �^P%� 
%0Q�� 4������

11 10
1 1 1

12
2 6 6

     × × =        
.  

)�¬( [AMC10B, AMC12B 2005]  B0> ���F ,%�«8�%!" *Q?: 
��¤��� 8+ �] 8+ ���6Q?:14��(� ,5���(� ,10���(� ,20I��(� .
�J�%K> �%!" L6Q? �Z�X�I� ���:� 8+ . ���>%�W �%2( �A 4����� �+

20I��(� � .R]�N  

o b e i k a n d l . c o m



RSP@ @pbjïØ�Üa@ @

6��  

 8+ h�6Q? ����`� V.S � >8%� *Q?8 7
(8,2) 28

2
C

×
= =.  

 $%�W B0> ��¢20I��(� ������� ���m� 	 .R]�N:  
• �¤N ,A 8+ i.`�� �6Q!��� 8(.K6�� �¤N 8+ �6Q? i.`A :�Z� V.Q�� � >  

 %�12. 

• 8(.K6�� �¤N 8+ ���6Q? :E ��� �!(.S. 

• E.K6�� �¤N 8+ ���6Q? :E ��� �!(.S. 

�^P ,%� 4������12 1 1 14 1

28 28 2

+ +
= =.  

)�¶( [AMC10B 2005]  �Z6&�40 �0o���+ �?�� e�� ��] 	 �] �%2(
 �� >�� 8+1,2, 3,4,5,6,7,8,9,10;%�2+I� ��?�%�� b�� 8+ *;�A B0> .

�J�%K> ��?�� *;�A �Z�X�I� $�1�P ��� ��2�� 8+ . �A -.�Z�p %�
 �A� /c�" � 6�� *;��� V����� ��« �A 4�����q ��« �A 4����� %�

 ���?���� � 6a ���?�%�� ��« �A�� 6�� ��(.`��b e��a b=/ . �+

 ���?q

p
�  

6��  

� > %� $�1�P ��� ��2�� 8+ V���A *;�A UX� V.S40 39 38 37× × ×.  
 4������ 
�cmp �?�%�� �> 
%�2�� � 6�� �N.6+ V.S � > �A ¨��

 %� �;%Xc��10 x�Z��4 ! �!(.S UXc�*;��� � 6�� b�� ��« L�� V���A.�^P ,

 4������p%�10 4!

40 39 38 37
p

×
=

× × ×
.  
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 4������ 
�cm�q �A ¨��%� h�0�= 8(� > ����`� V.S � >
(10,2) 45C =.  
 V.S � >���0�T�� V����� UX� U�7.7 %�(4,2) 6C =.  

V.Q�� 8+ � > ����7.��� b�� 8+ �2�  1%(�4 3 4 3× × ×*;��� ����`� 

��?�� .�^P �
2 245 6 4 3

40 39 38 37
q

× × ×
=

× × ×
.  

�dN ����
2 245 6 4 3

162
10 4!

q

p

× × ×
= =

×
.  

)��( [MAΘ 1991] K�� U"�� ½��c�� |0+ �%2( �A 4�����  1� ¾0!�� 

 ��� > L�� �(����>�� U60�� V�� 8+ �>%�W 	52�?��.  

6��  

 %� U60�� V�� �>%�W U�7.7 V.S � >52!. �>%�r� U�7.7 V.S � > ���
�
 ���?�� �%27 e��� ��� �?�� �� h�?�%�� �A -.��" �6��� ���[6; U"�E 
 B0> ��¢ ����51! U�7.�� �!(.S51�?�� ,"A ��]/  h�?�%�� U�7.7 829

�h�!(.Q; �6��� ���[6; U"� .�^P ,%� 4������2 51! 1

52! 26

×
=.  

)��( [AHSME 1970] � > �".�`�I� �J�%K>I�  8+ �"%2�� �� >�� *�Y h; 8+
¥ ,��c( ���7�.+ $%�W L��� U7�.+ �43 . � 6�� ��!( �A 4����� �+

 B0> ��c!��11�  
6��  

 8+ �"%2�� �� >�� �A ¨��5 ���7�.+ $%�W� U7�.+43 ��¢ L�� �� >�� M�
 ��Z+ �] U7�.+ *;�A �� T���; ���0>9 ��7.+�7 �] U7�.+ q�o �� T��� �A
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 ��Z+9 ���Z+ �] ����7.+�8. %� 4��� ��Z�� ����7.7 � >(5,1) 5C = � >�
 %� £�R�� ��Z�� ����7.7(5,2) 10C =. �Z( � ,A15� >I�� > �  ��Z+ �] U7�.+

 ,��c(5 ,��c( U7�.�� b�� $%�W�43 . ��c!�� ��0;�? ����`�; �"�6����;�
 B0>11o�o �A  ��  B0> ��c!�� ��!7 ��Z�; 8+ �!N �� >A11 M��98989 ,

99979 ,97999 .%� 4������ �^P3 1

15 5
=.  

)��( [Mandelbrot #3] E �6��� �pµ� i �P 	  �� .K��� 8+ ��>%"  1%(

%?������J�� �I� %;^�2����J�� �I� .1

5
%;^�] E.(pµ� ��2� M?�;� �

 ��2c��%?��_� .8+ ~�T�A �o�o U].+ U��_ 4��  ��2�
 E.(pµ�"� .S�+ %µ� �� "6�Y �G�;�1P �"�2NI� "�6" ." �A 4����� �+

.S�+ �6���; %� %µ� �%2(I� �  
6��  

o�R�� �%2( �A �+dN �6" M� ~�T�A q�R�� ��;�1P �A ���  �A h?��_ ~�T�A
h;^�] �%"%2( �A. %"�] �^P ����� 6�YI� .S�+ %µ� �dN h?��_ . 4������N ��©�

 �o�R�� �%2( �A 4����� %� 
%0Q��A h?��_ ~�T�+%c!+I�  �A 4����� B0>
o�R�� ��;�1P �%27
� M� ~�T�A ���c�" ��;�1 .,A  

3

3 3

4

5 64

654 1

5 5

P

    
= =
     +        

  

�1U 6�:  �A -.�; ���c�� b�� �m p�; �Z�}+ �� T��� 829B q m� %�
"��c�" �;�1
� �%Q>A �o�R�� ~�T��� " q m��A"%?��_ �o�R�� ~�T���� "
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 %� 
%0Q�� �%2(�( | )P A B .����  
( | ) ( ) ( | ) ( )

( | )
( ) ( | ) ( ) ( | ) ( )

P B A P A P B A P A
P A B

P B P B A P A P B A P A
= =

′ ′+
  

3

3 3

4
1

5 64

654 1
1 1

5 5

 ×   
= =

     × + ×        

  

)��( [AHSME 1987]�p�2.58(� > �P h���� a� h�!�!�x �y

�J�%K>I� ����"�;� .4�R�� ���� B0>�  �P2.143 �0.357 �P �A3 �
2.5 3− . |�^  6; I�] 
.!"�P 8(� 6�� 8+  �w�X_ � > 
.?A

�P �4�R�� ���� B0>2 �0 �P � ���� ���m� 	2 �1��"�R�� ���m� 	 .
hX�X��� 8(� 6�� $%�W �%2( �A 4����� �+ ,��c( 3�  

6��  

" ��.; �%!x �y �� >�� �` B0> ,( >��7 E.+I� ����Z7 E.+�I� h�+ %� ��] 
b�"�A  

  

  
  

R�� '�p1���� >�� U(.!7 �� Ã L�� ��.���� h�7 �Z�T .�J Z> , $%�r� �%2(
 ,��c(3 ��.���� 	 �!N8+ �] U(.!7 ���N ��( L��x �y ��� >�4 . ����

�dN  ,��c( hX�X��� 8(� 6�� $%�W �%2( �A 4�����3 %�4 2

10 5
=.  

2.521.50.50 1.0
x

y
2.5 2 1.5 1 0.5 0
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)��( [MAΘ 1987]
�; ��Q)7 ����0� ���A /�¿+  ?%+ 2�� *Z�N |�K;I� 
"%2+I�  ��Z+ �] *0& 4%S ��%��+ ��6;.+ 8+5 b�� 8+ �]� .��0�+

�b.Q? |0c�� 8+ ��Sd; j�F ��6;.�1.��0�+ . ��.Q? E��.� �.(�Q72

¢ E.���+ ��C�� ��Z�� 8+ .��0�+|�K�� % . b�� ¯Q¸ �A 4����� �+
��.K��E � |0c�� ��SP  

6��  

|�K�� 8+ ��%���� ��6;.�� 8+ �c¥ h�(  N.�� �2K��  

  
 %� E��.K�� .Q? 5�" �A ��1 �A U� ��p].+ �dN .��0�+ �?�� B0>  6�(1


� |0� 8> .��0�+��S |0c�� ��SP ¯Q¸ M2� . �A U� E��.K�� p].+ �dN ��©�
00��� �!QZ�� �`�� �%2(L�� � /60& 4%S *;.+ 8> E���> M�3 .��0�+) ��

  6�( �A U� p].��1�+
� 8+ �] 8> .��0����S(. M� �;%0Q�� ���c��N ����
9*;.+ .��0�+.  

��� , *;.�� ���c+ �!N �c�� ��02�� ���c��)�X���� ( �;[(A �!QZ�� ,%�«I� 

  6�7 L��1

2
 U"�%µ� 8+ .��0�+) %� E��.K�� .Q? 5�" ��1 �A 829� .��0�+
/c�" |0c�� B0> E��.K�� *!7 .(�^P�  M� ��02�� �!QZ�� ���c+2(5 1) 36+ =

�+ *;.+ .��0%� 4������ �%2(�9 1

36 4
=.  
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)�°( [MAΘ 2011]  8+ �� >��; ��?.+ b%1%�� £�¹ �." .H� '�� |0�91

 �P8 . .H� '�� B+�����.+ q�o �.Z . $%�W �%2( �A 4����� �+
 ,��c( b%1%�� B0> E.����� �� >��22�  

6��  

 %� �Z�6�� '�[N ._�Z> � >8 8 8 512× × = . $%�W B0> 4%�m� *�Q�c"
22h�!(.Q;:�� > �+P ,��c( ���Z+ �] �7 ,��c( � >�8�� > �+P� �] �

 ,��c( ���Z+8 ,��c( � >�6.  
� M� �� >�� b��877,787,778,886, 868,688��� >�6 ,�^P , 4������

%�6 3

512 256
=.  

)�³( [MAΘ 2011] �Z+ �] b%1� �." ,.H� ��c� B+�� � ��?.+
�� >��; 8+1 �P6E ��� E.+ . 8(.����� 8(� 6�� $%�W ��] �^P
 ,��c(8 . 4����� ��Nh(��c�+ ��.����� ��� 6�� �%2( �A�   

6��  

 �A -.�Z�A q m� %�" ,��c( $%�r�8 " �B q m� %�" ��� 6��
��(��c�+ ." ���P %� 
%0Q��( | )P B A .����  

1
( ) 136( | )
( ) 5 5

36

P B A
P B A

P A

∩
= = =.  
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x

y

22O

S

R

)�´( [MAΘ 2010]  �(����>�� U60�� V�� �>%�W 8+ �?�� �Z�X�)52
�?�� (�." .H� �Z�+�� . � 6�� �%�f 4����� �+3 E ��� E.+ �?�� B0>

� 

6��  

 � 6�� B0> 4%�m� � > 4�����3 %� U60�� V�� 8+48 12

52 13
=  � > 4������

�� B0> 4%�m�6 � 3 %� �.Z�� .H� M+� 8+5

6
 .�^P , 4%�m� � > 4�����

> � 6�� B03 %�5 12 10

6 13 13
× = .4����� �%2( ����  � 6�� B0> 4%�m�3 B0>

 %� E ��� E.+ �?��10 3
1
13 13
− =.  

)�¬( [MAΘ 2010] h�!�!� 8(� > �".�`� x �y e��0 2x≤ ≤ �
0 2y≤ ≤�J�%K>I� .6;.+ $%�W �%2( �A 4����� �+�8+ }]A ���2�  

6��  

 ,��c( /60& 4%S ,��� *;.�� 	 ��6!( ��� 6��2 . �!QZ��R L�� �!QZ�� �RD
 8+ }]A h6;.�� $%�W ���N �%2(2 �!QZ���S  

Q? 5�" E.J�� *;� 8> E���> M�� ��.2  
�h6;.�� $%�W ���N �%2( L���!QZ����  

 8+.)_A2 .�%2( 
%0Q�� 4������N ����  

 .��� , �!QZ�� ���c+RM�  

( )
21

4 2 4
4 2

π

π− = −.�^P ,%� 4������
4

82
4 8

π

π
−

−
=.  

 �!QZ�� ���c+R  
*;.�� ���c+ 
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)�¶( [MAΘ 2007]  �A -.�Z�A ,B ,C ������� �0!�c+ q� �A �o�o
 M� ��>%?�1 ,0.5 ,0.7k�%��� B0> . $%?� 4����� �+hZo�  ��Z+

� ��[��;  
6��  

 �A ¨��( ) 1P A = q m� �A g6(A/>%?�  ]u+ . 
%0Q�� 4������N ����
 %� ��� $%?� 4�����)B$%?� � >�C ( �A)$%?�C$%?� � >�B .( ���

%� 4������  
( ) ( ) ( ) ( ) ( ) ( )

0.5 0.3 0.5 0.7 0.15 0.35 0.5

P B C P B C P B P C P B P C′ ′ ′ ′∩ + ∩ = +

= × + × = + =
  

)��( [MAΘ 2007] h�!�!� 8(� > �".�`�x�y�J�%K>I� E.���� 	[ 1,1]−. 
 �%2( �A 4����� �+0.5x y+ >�  

6��  

I��A ¨��  �A0.5x y+ > ��] �!N� �^P0.5x y+ > �A
0.5x y+ < − . /��ª� ,��� *;.�� 	 ��©�(1,1) ,(1, 1)− ,( 1, 1)− − ,

( 1,1)− ��!�c�� B0>A h�6?�%�� h�!QZ�� ���c+ M� �;%0Q�� ���c�� �%27
0.5x y+ = ��!�c�� ���A�0.5x y+ = − . e0R+ h�!QZ�� h7�� 8+ �]

h?�c�� ,��c�+ ,�/>��7�  /7 >�? ,��c(� ,��c( ���Z+ �]1.5 .�^P , $%�W

�������c+%�1
2 1.5 1.5 2.25
2
× × × = .%� 
%0Q�� 4������ �%2(�

2.25 9

4 16
=.  

)��( [Pascal 2009] E ��� E.+ �." ,.H� � ;�  §A 8+ �] B+� . �%2(
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 ,��c( 8(.����� 8(� 6�� h; V.��� ��] �^P w;�.�� %�  §A1 . �+
�  §A w;.( �A 4�����  

6��  

 ��Z�; V.��� L�� ��7.�� <�����1M�  
(1,2),(2, 3),(3,4),(4,5),(5,6),(2,1),(3,2),(4,3),(5,4),(6,5)  

 ��� >�10 .�^P , %� 4������10 5

36 18
=.  

)��( [MAΘ 2005] h�!�!� 8(� > �".�`��J�%K> I�  E.���� 8+[ 20,10]− .
� .���� 8+ }]A ���.& �_�� �%2( �A 4����� �+  

6��  

 �� 8(� 6�� �A -.�Z�x �y .�J Z> , �%2(0xy >�^P �!N� �^P  ��]
20 , 0x y− ≤ < �A0 , 10x y< < .�^P ,%� 4������  

2 2 1 1 5

3 3 3 3 9
× + × =.  

)��( [MAΘ 2005] 6;�A �;�!7�  �>�Q+  �A 	 '� )�� ��1� 4��Z�� '�? _A
-�(.�� . E J��� ��� /7���� ¦���+ ��Z+ �] *&� '� )0� �©��Z7 '�ZoA

�J�%K> w�7����  �A ��Z+ �] 4��Z7 �6Q�0� �G���)+  Z>�I� . 4����� �+
 �?�� B0> �%2( �AA� /7���� ¦���+ �`A �� �  

6��  

 �?�� B0>  ��� �`�( �A 4����� ��� �A 4����� %� /7���� ¦���+hZo� �A I� �A 
6;�A�  ~�T�A ���`A�G����� w�7��+.  
• /7���� ¦���+ �`�(  ��� �T� : %� /����� �TK�� ����`� V.S � >
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4 %� �6��� ��[6; w�7��� 8(.`�� ~�T�� �o�R�� ����`� V.S � >�2

 .�^P , %� ���m� b�� 	 V.Q�� � >4 2 8× =. 

•  ���T�/7���c����+ ���Z+ �] �`�( : %� �Z� V.Q�� � >(4,2) 6C =

. 

• /7���� ¦���+ ��Z+ �] �`�( ~�T�A �6;�A :E ��� �!(.S  1%7. 

�^P ,%� 4������8 6 1 15 5

4! 24 8

+ +
= =.  

)��( ] 4%� L"%+ ���c+[Monty Hall Problem  
 L"%+ 4%� 	 ��!;�c+ À+�".; � !+ %�P �i  e�� ���0��� ��%Z?

E ( 1 E���� M� w;�.��  ;�c��0� EpJ�µ� ���? . B0> M� �!;�c�� h"�%?
k���� %XZ�� : ��?���; ��?.+ �0�!+ 
�%;A �o�o  1%71 ,2 ,3 '���

p>�+ 8(.`�� h;���� 8+ �] '���� E ( 1 E���� �� �A .�c��� ���­  ;
�0` �A  !�6( ,��� 
�%;��  �AE���c�� / . À+�"}�� � !+ w��( |�^  6;

 '��� p>�+ .���N 8(.`�� h;����  �A 4%� L"%+�� 4�c( ¡ 8+� 
��
)�; U�.( ��] �^P �+  ;�c���b���` B0> B!�( �A b���`� ,��� 
���� a� .

  ;�c��� a)( ��
���� � E���c�� Uc2( �A 4����� �+�  
6��  

 �?� 
���� ���`�  ;�c��� �A ��+%�6�� B0> ao���� ��� -.�"1 �(� ; . �"�] �^P
 50` E���c��
����  �?�2 �?� 
���� %� 4%� L"%+ /X�N ,��� 
���� �%2�N3

) /�0`p>�+( ,A �?� 
���� 50` E���c�� �"�] �^P �+3 /X�N ,��� 
���� �%2�N
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 �?� 
���� %� 4%� L"%+2.  
�?� 
���� 50` E���c�� �"�] %� /"A ¨�� 1 ,A w�N ���` 4%� L"%� �%2�N

 h;���� 8+2 �A3. �J�%K> �� �A ���­ 4%� L"%+ �A -.��" �Z>� ��©�I� ) B0>
�J�%K> ��� ���n� ��� �A 8+ ��.��I�E��>d�N  4����� �dN E ( > ��.+ �;.H���

/c�" �%2( 
���� �( �7 � > �A b���`� ,��� 
���� �( �7 h;  ;�c��� w;� .(
�^P ,��%��� 	 , �?� 
���� 50` p>�+ �%27 �A 4����� �%2(2 ,��c(

 �?� 
���� 50` p>�+ �%27 �A 4�����3��c(� ���Z+ �] ,1

2
.  

 �A ��� -.�"A q m� %�"� L"%+% �?� 
���� w�N 42" .�^P ,1( )
2

P A =

 . �A -.�Z�B q m� %�"c��50` E���  �?� 
����3 ."�^P ,1( )
3

P B = .
[(A ¨��I�  �A( | ) 1P A B = . 
�c� 	 U�." �ZZ2��( | )P B A .���,  

( ) ( | ) ( ) ( ) ( | )

1
1

( ) ( | ) 23( | )
( ) 1 3

2

P A P B A P A B P B P A B

P B P A B
P B A

P A

= ∩ =

×
= = =

  

�^P ,c��� 4� ����Uc2( �A 4����� 8+  (p( 
��0�  ;� E���c�� . �+  �]����
 �A -.�" /��P �Z0_%7C q m� %�" �?� 
���� 50` E���c��1 ." �A ¨��

1
( ) ( )

3
P C P B= = 82��1

( | )
2

P A C = ����1.�^P,  
1 1

( ) ( | ) 13 2( | )
( ) 1 3

2

P C P A C
P C A

P A

×
= = =.  
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)�°(  B0> ,%�l '�>�3 � '�.§ ���.`nE�.` '�?�� . 4����� ��] �^P
h7�.` UX� 8(��?�� � 4����� ,��c(h7�.` UX h"%� 8+ 

 HN h�0�=  ���?n.  
6��  

8(��?�� h7�.` UX� 4�����  %� '�>%�� 8+( ,2)

( 3,2)

C n

C n +
.  

%� �%0�� L�0�= h7�.` UX� 4������(3,1) ( ,1)

( 3,2)

C C n

C n +
.  

�(��c�+ h������� �A ���dN �( ,2) (3,1) ( ,1)C n C C n= .�A  � |�^ 8+  

2

7

( 1)
3

2
6

7 0

( 7) 0

n n
n

n n n

n n

n n

−
=

− =

− =

− =

  

�^P ,7n = ��0n =/.  
)�³( [AHSME 1994]  ��K��� 8+ ��])�E���� U (�R0o  �%0�� 8+ /7���

��.�_�� �%0�� 8+ M?���� e0R��� ��; . B0> E���� ���� *&�  Z>
��K��� ��6� ��Z�� ,� 5�"  ����� ����� ���m)*?.�7 (�R0o�  ���m�
 ����� '�.���� .�J�%K> E�^ ��� �".�`�I�  B0> ���Z6&�� ��2�� 8+

!���N ��Z��� .� �%0�� '�[���� E���� 8+ �%27 �A 4����� �+  
6��  

 �A -.�Z�W q � %�"'�[�; E���� ��� " �A�S q � %�" E���� ���

�!��7 ."�^P , %� 
%0Q��( | )PW S .���,( )
( | )

( )

PW S
PW S

P S

∩
= e��  
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1 2 2 1 5
( ) ( | ) ( ) ( | ) ( )

2 3 3 3 9
P S P S W PW P S W PW′ ′= + = × + × =  

�^P,
1 2

32 3( | )
5 5

9

PW S

×
= =.  

)�´(  82��{1,2, ,10}S = � 82���A 8+ ��Jp1 �>%�WS ��._�Z> � >
 ,��c(4 .�J�%K> �Z7.`�I�  ��Jp1 �>%�WB 8+S 8+ �"%2+4

._�Z> . ���>%�r� �%27 �A 4����� �+A�Bh�0��Z+�   
 6��  

 �A ¨��B A∩ = ∅ ��] �^P �!N� �^PB A′⊆ .���, ����`� V.S � >
 8+ �"%2+ �>%�W4>%�W 8+ ._�Z>�  8+ �"%2+10%�(10,4) 210C =.  

 8+ �"%2+ �>%�W ����`� V.S � >4 8+ �"%2+ �>%�W 8+ ._�Z>6 ._�Z>
) ._�Z> � >A′ (%�(6,4) 15C =.  

�^P ,%� 
%0Q�� 4������15 1

210 14
=.  

)�¬( [AIME 1989] ��.+ �¥ �%!" �6Q? �Z�!�A . 4%�m� 4����� ��] �^P
 �!N E ��� E�%_ B0>� I�.�_ ��� 4����� ,��c( B0> 4%�m�

� �!N �%_ q�o B0> 4%�m� 4����� ��N �!N h7�%_  
6��  

 82��pE ��� E.+ �%!Z�� �6Q? '�!�P  Z> E�%_ B0> 4%�m� 4����� %� .  6;
 �%!Z�� �6Q? '�!�P5 �dN ��.+ %� E ��� E�%_ B0> 4%�m� 4�����

4(5,1)C pq %� h7�%_ B0> 4%�m� 4������2 3(5,2)C p q e��1q p= −
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 .���  
4 2 3

4 2 3

(5,1) (5,2)

5 10

C pq C p q

pq p q

=

=
  

2

1 2

1

3

q p

p p

p

=

− =

=

  

�^P ,%� �%_ q�o B0> 4%�m� 4�����  
3 2

3 2 1 2 40
(5, 3) 10

3 3 243
C p q

     = =        
.  

)°¶( [AHSME 1997] �.H� b%1� ��� 8+ �%2+ ���Z+ �] �." . b%1�
 ��?���; ��?.+ �� �A1,2, 3,3,5,6� ��?���; ��?.+ .`�� b%1�

1,2,4,4,5,6 . 8(� 6�� $%�W �Z0H�� E ��� E.+ �.Z�� ,.H� �Z�!�A
8(.����� .� > $%�r� ��� �%2( �A 4����� �+I� (�.NI� �  

6��  

� �%2(� > $%�rI� (�.NI� (�.N �� �A B0> .����� � 6�� ��] �^P �!N� �^PI� 
�1�� £�R�� B0> .����� � 6���I� .%� 4������N ����

2 2 4 4 1 4 5

6 6 6 6 9 9 9
× + × = + =.  

)°�( [MAΘ 1992] � > ��!(.N U60(I�  �6��� ���[6;  & ��(����� 8+
����?%�( �� 6;� ��(���+ *;�A �� �A Uc2( Á . �^P �A 4����� ��]

(��c+ h!(.���  �A Uc2(I�� ��N .`��  (.��� Uc2( �A 4����
 4�����A  6; ��?%�( �6� ��(���+  
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6��  

  6; U60�� 5?%�( M2�6 ��(���+ h!(.���  �A Uc2( �A U�3 8+ ��(���+
 4�A5Ea`�� E������ Uc2(� ��(���+ . ,��c(  (.��� ����`� V.S � >2 � >�

q�o Uc] V.S  8+ ��(���+5 %� ��(���+(5, 3) 10C = .�^P , V.Q�� � >
 h!(.���  �A �� Uc2( L��4 ��(���+%�2 10 20× = .��� , 8+ �]

�c�� ��(����� E��c` �A w;� ��1.= �� . %� V.Q�� � > ��0N62 64= .

 %� 
%0Q�� 4������ �%2( ����20 5

64 16
=.  

)°�( [MAΘ 1991]  �Q!" �".�`�P ,�J�%K>I��6Q!�� 8+AB e��M M�
 5��Z+AB . *Q!�� 8+ e0R+ 8(%27 ��"�2+P 4����� �+AP ,PB ,
AM�  

6��  

 -.�")� �����+%�6��; ��c� ( �A2AB = .�J Z> ,1AM = . w&�%�� 8+
 �AAP �APB ,��c( �A 8+ }]AAM . �A -.�Z�AP}]�� *0[�� %� .

'�K"
  �%2( �A <��¢ e0R+PB AM AP+ > . �A -.�Z�BP x= e��
1x ≤) ��BP AP≤( .�J Z> ,1 2x x+ > − . *�Q�c" M2� /"A ,A

P �%2( �A U� /"dN e0R+ '�K"1

2
x > . 4%S %� 
%0Q�� 4������N ¡ 8+�

 E.����1
1

2
x≤ < I�+%c!+ E.���� 4%S B0>0 1x≤ ≤ . ,A1

2
.    

o b e i k a n d l . c o m



@ @pýbányýa@ @RTU@ @

  

���!T WX 60
(�  

)�( �J�%K> E�.` �Z�X�I�  B0> ,%�l ��] 8+3 � '�.[` ���.`4

 � '�.�_ ���.`5'�?�� ���.` . .[`A E�.n� �%� �%2( �A 4����� �+
� .�_A �A  

)A (5
12

  )
 (7
12
    )< (3

4
    )� (11

12
  

)�(  �P �c!+ ,.J�� ¦%� 8+ { ©� �%2�( ��c�� M+� ��6� 	36>�Q?I� 
 8+ �� >��; ��?.+ �0o���+1 �P36 .��� ���� B+�I� ¦%0�� B0> . �+

 $�Q? B0> ��c�� *!( �A 4����� 5>�[+ /�?� 60��4 � 60� �A6�  

)A (1
3
    )
 (1

2
  )< (2

3
    )� (3

4
  

)�( oA ,.J� �� { ©� �;�_P  §A *�Q�c(/Z2�� ��Z�� V�SP B0> /�(� 7 '�Z 
h7.+ { ©� p].+ U��( 8+ ���+� �¥ �].  B0> ��Z��  §A  0SA

��.+ q�o { ©� .�A 4����� �+ �� h��+.�� 	 { ©� p].+ U��(�� 
R��R�� ��+.�� 	 ¯Q­� ��"�R���� �  

)A (7

125
  )
 (8

125
    )< (11

125
    )� (12

125
  

)�(  B0> ,%�« �0�12�[�; ,4g; �@%� M?����� ��;A �@%� ��[�; . ���`�
�J�%K> ��[�; q�o  �6�I� �0c�� 8+ . 8+ ��6�Y �%27 �A 4����� �+

� g��� �%0��  

)A (1
5
    )
 (13

55
    )< (14

55
    )� (17

55
  

)�(  '�>%�� ,%�lA B0>38(��.�_ h7�.`� '�.§ ���.`  '�>%�� ,%�l�
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B '�.§ E ��� E�.` B0>'�.�_ ���.` *;�A� .º'�>� �".�`� �J�%K>I� 
'�>%�� 8+ E�.` �Z�X� ¡ �%!" �6Q? M+.; . E�.n� �%27 �A 4����� �+

� '�.�_  

)A (1
5
    )
 (2

5
    )< (3

5
    )� (4

5
  

)°(  *Z�+
<��"  MQ` B0> ,%�l ���S.�� U0>P<��"�  �n�A À�Z(40%

 �n�� ���S.�� U0> 8+BM?���� À�Z( .5% 8+P �n� <��"A �%2(
���7I�  �2% 8+P �n� <��"B���7 �%2(I�. ��0> �%27 �A 4����� �+
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