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Least- squares fitting of parameters 
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            e�� %9H �/ �" �%�$�
 ��
�$	
 � M���H �/ �0��� !x$0� ��6 �+    ��
C�	
 @��a �/ 
  ����180

o      )	36 E�P
 ���$�� �" N3	
 >J$o	��  .    >M��� ��G(�6 M+
�y(

 *+ #��� 
      I�
 >#��T�4 #��0�+ ���� N3	
  6 ��
 M+�y(5H���� .       #�&�0�+ ��&�� �/ ��� N3	


#�+�� .�0"j    >O���	
 ,�$�(	 ��(�
��V ��(��%R         #��$V %q6r
 ���� ���� �2 ;<"! ��
  .
�O���
 *� �H�� 
�<����6 �B�2 � S�%H F	
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    Ax = b      )��,��( 

  

   �
�x(�
 ����Cx   �L%�+O���	 ���W  �O��(+         *� ��H �/ *�d Z *+ >O���	
 

��O����6:   

    Gx = f    )  ��,��( 

  

 ��O���
 ���� >�0	�q+ �)��,�� (!" α = 73o
 ،β = 46o

 ،γ = 55o  ��&��C 

 j�0"����� �	O���
 #����+ �2
C α + β + γ = 180o. 8P
 ���� ��+��� %q6r
 �	�P
 � 

&	) ��,�� (�
^%� O����	) ��,�� (�+��

�� e�:  
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             >D$+ �" ��6 %x�/ ��7��9+ K��/ *+ �7��9�
 *+ %5�r
 �P
 ���(� =�2

      ���4 �
�x(+ M'(+ E�WO< 1(�Cλ .       8�	 �2
C ���4 �x(+ j�0" ������V .  ��&��

  _3u ?�(	
 1
�
   %o+ ��7�Lp
 �
�x(�
     ¦H
%&4� ���CLagrange .    _3&" ��&��

     &	 �	��| ��
 ��O���
x   C λ .    1�V ���� �λs      �&u�±< *&�d Z *+C >�����+ �O�� 

 1�V ����Cxs 82 !" ��
 )��,��( >��L�W O����	) ��,��.(  

   �%² �0�O              ,&�$�� �%&�
 _3" *�	 >=�q+ � ��
Cl *+ J�5� E�q+ e�� 
3"

  6 ��
C�	
 @��a��� .  =�2<    ��52 
3" �����%+ t%x�    E�2 NX� )    �&�H �&4��

   8�"�'�6 ��O���
 *+ O��	
.(    w	 !���%(	
 �3v
 �Y7 E��n       >,&$�� �/ �&�� ����5	
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2α + λ = 146o 

β + λ = 46o 
γ + λ = 55o 

α + β + λ = 180o 

)��,��(  

  
  &	 �	��| K��r
 ��O���
 ����α >β >γ C λ !��(	 α = 74.2o >β = 48.4o >γ 

= 57.4o C λ = -2.4o . �/ ��"�-+ �00�d���	
 ���V � �2
lp
 ����C �V�� #��0�+ ���� 
α � ��2
lp
 z9H !" β C γ ��6 �KV�( .   

          �" ��6 8�"��
 *+ %q6/ ��O��+ j�0" �/ �	      ��O�&��
 �$9&� �O�� E�P

)��,��(!�� ��6 :  
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     �7��9+ E�WO< ­ =�28�n .    �	O��+ � )0�d)��,��(    ��O�&��
 ��2�+ 

�	 ��
���	
����%� t%x9	
 ��O��+ SH�³ ���	
.  
     � %q6/ ��O��+ �4��)��,�� (       �&B����� � S&�%H F	
 �
%(+
��$	
 *� .

       ���� �+�0� E�P
 �" 
3" ����O���	
   + Q
�y(
�� ��$�+  ¦H
%4� ���C%o .  ���0� �
�
����% %x9	
  t��7
%4�	�(5�%�	
       �$6 �O�� �
%(+
��$	
 O�� ���� >)    ��&�� �&V

   ��� �	�B5�I�/(         ,�$�(� �7��9�
 1'2 � �O��l N/ ����C O���	
    *&�+/ �	 �$0a  .
    Q�y(5� �+ �O��  ���7
%4�	�(5�%�	
    ,�$�(	 ���(´ ���%RO���	
     8��� I�
 F	
 )�� >

2�7��9�
 1'#����7 .  
      ��O��+ ���� ���%�	
 _3" �O���	
       8&�"��
 D� ��V��	
 !��(	 �+�y(5+ 

         �x�� M0� #
��+ ���� 1B0+ #�o�� �/ =�ct%W/ .      ��O��+ *� �$�(	
 *�d �+�� ��9�
���	
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   x = Cy + d      )��,�¡(  
  

  =�2x       C 8�"�'��	 !��r
 M'(�
 !" y   4 �+�2 !"     �	�(´ >8�"��
 *+ ����
 *+ O��	
 ��

�� O��	
 �O���	
���(5�
  . 8W
O 
3" E�2<)��,�� (!���:  

ACy = b - Ad      )��,�£(  
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 82 e�� 89: �B0+ F	
����% t%x9	
   &	 y .  =�2<     8&V/ 8�"�a j�0" �
   �B'(��� ��q¯y     � )�� *� x     / #�+��H ���� 
3" �Y7 >8V   � ��O��+ *+     �0��	 ��6 �+ *

8$V *+ . �
�x(+ e�� 89: Z *+x *+ ����r
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Cl Q
�y(
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3" ��L�(	 *� ��H �/ *�d >=�q�
 γ �x�� α C β� ���	� γ = 
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 e�� ,��H I�
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��� F	
 !u = 75
o >v = 48

o =�c ><� β = 48
oC  α = 57

o . Q�y(5� � E�&�n/ >
1�n *+µ
��  �B���a ����C �
���
 ��0� ��
C�	
 86 180

oJ$o	�� .  
  

)��,.( ��/01# 213� �+�� 45 Non-linear least squares 

z-(�H �0�        �+ #�9yA �/ ���0	
 _3"     �
��
 S(�+ �      U�&��� #�o&�/ Q�V �V
H/ 
�� ���7 >E��
MSH
�4 \�q	
 E
�R/ e�� 892 . _3" ����a = 21 m >b = 16 m >

c = 19 m .  ��7�&Lp
 �+����
 �/ S$5� >8$V N� *+ 8o7/ #�o�/ 8��H �/ ��
 �00�d
��	
 � ���� .�/ N/ >S�v
 ����V Q
�y(
�� ��
C�	�� SH
�v
 J$�%�:  

     
sinsinsin

cba       )��,��( 

  
        �0(+�2 ;< I�o� �/ *�d ��7�L< ��O��+ !��� F	
 . ����9	
 �<    ��&6 � 

O���
    >���W �� ��    %A�$+ ,�%R j�0" ��	 �+�� ��9�CP�B1   1�&V e&�� E�9G�	 
�
%(+
��$	
 .��0��>                #�o&�/ _3&" K+ 8+��(H �/ e�� *��O�V ���H �/ ;< �4�2 � *: 

���W �� #�o�/ ���� �����$	
 S�6
%(	
 ���0� ��O��+ �/ =�2.  
       O���6 #�C/ ����v
 ��O���
 Q�y(5H �0�O . m/ ���     �7�o&+ ���� �R�5$� �

��T�+ E��nX� ��%	
 ��O���.���6 ���� �/ ���q�
 �� ��%	
 ��O��� *�d :  
  

2α = 146o          β = 46o           γ = 55o 

a = 21 m           b = 16 m          c = 19 m 
a sin β – b sin α = 0 m 
B sin γ – c sin β = 0 m 

α + β + γ = 180o 
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       C M5�H �" #��O�� ���q+ �	O��+ 8�	 KV�(�
�	       �
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��$	
 � ��V�(�
 [��Wr
 �/ *+ �6X(
�B�6     ��O���
 e�� �nX(	
 ��H �u  .        H �/ N�C%o	
 *+ ���� � ��H�n ��2�H *+8W� � 

  �0" 8����(	
 _3".  ��H X-0�       =�2 �����$	
 S�6
%(	
 ���0� � ���-�
    #�q&+ O�&G(�
    ���� �2
l< �
%(+
���   �+ �
%(+
��� ;< �7�L<L ���� M�� .      8&6 ��	 MH/ >S�'�	
 *+

 ¦+�H%�����%+ t%x� ��7
%4�	�(5�%6 ���T�+ ���9� 
3" 8�� .  
        ��
ClC SH
�4 *+ ��	�P
 1��	
 Q
�y(

 �<       \�q&�	 ^%x	�&� !�� � =�q�


+    *+ ��Wr
 ��O��)��,�� .(     �/ �" �07�" ����H8�� @��a    ��&��y(�
 ����%+  
 1�V J$o� ��O���
 8�	a, b, c, α, β, γ�
 82 
3�" !��� >����% t%x9	
 . ��
 �0�O

    �
 82 �/ z�6 t%H����% t%x9	
    M��� E�9P
 *�d 
3"  .   O�� @Oi   ��O��+ *+ 
 ���� ���W ��fi(x1, x2,…., xn) = 0 ���� F	
 j  �" �u %(+
���xj .   ��(-&+ ��&��fi 

;< �$5H xj�"  ∂ fi /∂ xj .KoH �/ *�d�O�|  A %90�	
 ���� =�c ���(-�
 )�� *+ 
aij �" ∂ fi /∂ xj.	
 ��O��+ ���� �7��9�
 � I��� O�� j�0" ���� I�
  �&�% 
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��� ���� ����/ O��C .    z�y(�
 #�o�/ S5: �/ *�d εi       �&	O��+ 8&6 *&+ 
   k�P
 %(+
��$	
 1�V Q
�y(
�� .       ��2
lp
 S5] �/ *�d Z *+∆x     *&+ �
%(+
��&$�	 

 ��O���
A ∆x = -ε =�2 >ε����y(�
 M'(+ �"  . j�0" ���� �+�0� ��O��+  %&q6/
*+e�� E�9P
 *�d >8�"��
 1�V �
 ����% t%x9	
8c :  

  
  (ATA)∆x = -AT

ε     )��,��(  
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lp
 ,:  
x����� = x����	� + ∆x       )��,��( 

  
	
 ��O��+ �C%A ��(5� �/ !x$0� F	
��%8o7/ *+ �d��	
 1��	
 .  

            %x9	
 ��"�0(+ ��2
l¶	 J�7 #��%92 �P�� ����	
 _3" ���� >��H�n ��2�H *+
      1'c ��2
lp S�%�� ���q� ����C!�V
C .     ���v
 %(+
��$	
 1�V �/ 
3" ?���  �	
l�+

      %q6/ ����52 ;< �4�2 �C ��$�%�� J�7 . ����� �<     
3u ���� �
%�(	
 ���L�+  F	
 >
    �Wr
 %(+
��$	
 1�V Q�y(5� �B�7�         ©&2 �����	
 �%��C ����4 ��2
l< e�� E�9G�	 
���B+ ���5 
 ��2
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 ����.  
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 E�q� ����	
 ,�$�(����(-�
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lp .  

�
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��$	
 
H   ;< �4�2 � ���       ���� F	
 ��$�%�� 1�V K+ /�$H �/   ��� ���7   (	 ��$o0+   Q·�(	
 D5G

  �����	
 ��H��$	
 K+ .      *&+ �%&A�$+ 1��	
 _3" ���G(	 ���%R �+�� ��9� j�0" ���� �
���W �� ��O��+.  
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)��,6( �7+
� �8+9 Ill- conditioning  

       � �+��	
 �����	�� ��4 8�-� #���+ ���� ���X      X��
 )�5� �/ *�d [!A N/ �. 
  j�0" ���� I�
     ��(	
 Q�� *+ ����� �T�9+    ��� ���0� � �����% t%x9	
>   *&�	 

��6N/  ���� [!A 86 I%�� �+ �2/ ����
 �¢�� .
�(�J�5$	
 ��O���
 �Cl :    
23.3 x + 37.7 y = 14.4      )��,�¡(  

                                                                8.9 x + 14.4 y = 5.5 
  

 8P
 �����$q+ ,�V�	
�B5�  �" �	x = -1 >y = 1 .�2�H *+  �O�&� *: >��H�n �
        X�y�	 �L%�+ ���� F	
 8+
��	
 K+ ��O���
 � 8+��(H¸ <     [��W/ C/ �����+ [��W/ �+

 ����0	
 � .    X�W !6�: �0�O�x�    � #
�4 )��,�¡ (     �	O���
 *+ *dr
 I%�	
 ��x(�
 *+ ;Cr
14.4 ;< 14.39 . ��O���
 82� �%�
 _3"  �&'�(0	
 !��x =13.4 >y = -7.9 .

        ��x� N/C >����
 KV
�	
 � ��O���
 ����   #
�4 �x�      8P
 8�4 �V *dr
 SH�v
 �
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 8W
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 X��
 ��
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�"�"�-H �+�0� ����5	
 �	�P
 ��° �/ ;< �4�c �0H/ �L
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 *+ `t%W/.  
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%7 �%+l   O�&º

        >»��	
 �� 
 E�R e�� 8�r
 ���H 8n��(	
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