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Direct methods of crystal structure determination 
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(k) � k(h,k)=2N1/2|E(-h)E(h-k)E(k)|.  
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 ��,�, �$:  
  

       
k))-(hk)(cos()k-h()k(

k))-(hk)(sin()k-h()k(
))h(tan(

k

k

∑

∑
EE

EE                    )~,��( 

  
 7� u>�@ �$� #]�^- 
Y��f�S�9� %�:  

  
        

⎭
⎬
⎫

⎩
⎨
⎧
∑

k

)kh()k( of phase)h( EE                    )~,�r( 

  
              ��/1	
 #/�m� |1>� z�9:
 #]�� �° C $�M:
 �K
 *� LGW)~,�®(.  C

K
  �^	 78� (#0�0      7! h�D, *� z�9:
 #])~,~(      #9�� �! #�	�9�GW
 3�>����	
 s�j- 
>T��   7! #h     #9�� �!@ f�>! k          #/9�� |/1>�	 tT��2	
 ��,�, �$��I@ #M��¤ (h)   �/&Z
 

#�	�9�G
.  
  

)�,�,A(��	�B"� 
��1  Equal atoms 

  *I%g�:
    C k!��
 `
P@�   i�� )~,�(      ��6- ;	�g$I � ��  �0	
 ;��m�� #/� 
f
�\      #	$�>:
 C z�9:
 #]�^	 )~,�� .(          ��/���
 7/8� (3
��/��	
 7! �5� #�6< C

   #�@�6�! ��� ��� 3
�Y	
 .            (*�/-� 3
�U �/�� #/���� ����- C (P�&:
 %��+ ���
           #/�0��:
 3
�Y	
 *�8,@ l\@����
 P�[I 78� (�0' l\@����@ lw6� (l\@��<

 #�@�6�! f����0, . Y� *I
    �� ��0	
   ����+ #1+
�- d�e�+
 Sayre      Q/	
 #/	$�>:
 ���1�	 
     ����	
 %!
�� l- #��- 3��m� |1>, .    #�<@��8	�
 #'�&8	
 ��-�, � 
UI   ���� ?�6' 

o b e i k a n d l . c o m



������� 	
���� �
��... �§r

               i�� i90	
 %8� 78	 (#���Z
 #'�&8	
 C �9 ��
�:
 kM< C #�@�6�! i9� ���X5�], .

Y8� ����	
 %!
�� $@�G C 
Y� 7� u>�:   

  
  ∑

k

khk
h

h )()(
)(

)( FF
V

F                     )~,�o( 

 
 v�GΘ(h)#>-�:
 ��Y�	 ����	
 %!�>- ��,�, .  

        �����:
 ��1	
 ���1, ��� h�9� 5O�, ����+ #	$�>: *� .    #�^	
 #���� *�8, ���
   �� 3�2����	 f
�\�     f�0-�+ ���Y:
 z�9:
 #]��@ *�9�-��  .      d�e�6/, f�j/�� �/��

�� %T�+�#9ej	
 3�±�Vw�	 ��02,@ ��� ��.  
  

)�,�,C('7@+ ��D	�"!�  Maximum entropy 
  |1>�%g�:
    C z$�6	
 `
P@�   i�� )~,�(       3�/!��>! @� �/�-@��<«	 z��� 

  #�<@��8	�
 #'�&8	
 ���� .      #�<@��8	�
 #'�&8	
 ��� %9>, ��I     h��/2:
 �/c�@ %8
 � #�	�6	
f�!� .   #'�&8	
 ��-@��<� �$��� *I     ���Z
 ���	 #�<@��8	�
      �/! %!�>��	 %T�+@ |�

    �$�0M! �
��� %&! (#^��< 3�!��>!.     ���Z
 ���	 ��-@��<� s�6G t�2�   ����\ #1��g 
                #/'�&8�	 P$�/� ���/0, *�/8, 
Y�@ �$�0M:
 3�<���	
 P�G 3�S
��'
 �� %9>, W

 f��1>! (#�<@��8	�
   #G��:
 3�!��>:
 %  .   ��
�	
 #�20�	
 XY� *I     3�0��1�	
 7! $�� �� �
   C #9a:
��'
�\�	��6��8	
      ��	
 ��02, #012! C #�+�+� #M^- (  ��' 7� fmj   �/��� 
����	
 . ���>	
 %^M	
 �c<��!��>:3 ���Z
 �K
 ��-@��<� ��� ��� �&�.  
  

)�,�,E(��F  	 ��	�B"� 
�Gρ(x) = ID�J  
Equal molecules and ρ(x) = constant 

  :
 7! %8	��gl  7!�&	
@ �-�6	
  C  `
P@�   i�� )~,�(      C d
�e�/+
 �/\�� 
  ��'
�\�	��6�� �5�8	
 3�±�V`
.           m	
 ��G�	
 C ��! 7! �&� _�V`
 kM< �0� �!�2� 
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       f�>��+ �2� %g�� (�����	
 7! #��O����0	
       l±�V/w�	 #�<@��8	�
 #'�&8	
 *�-    *� |/]�2�
 kM< *�8, _|D	
  .  a2:
 h��1�	
 *�8�  ��0	
 *�8: |w ��       Pm/G²	 #�/+��0	
 #�20�	
 

|±�V`
 C ��'
�\�	��6���5�8	
 3�±�V`
 .  
         �����	 ��Y:
 h��2! C %�±S $�� ���, �\��     fm��/\ 3�/±�V`
 #9eS

     _�V`
 ³��g #�-�O f��	�� #�<@��8	�
 #'�&8	
 .   ! #!��>:
 XY� *I     #��6/, #�20, C #�]�6
��Y:
 .  Y� ���1, i��            ����/+ #	$�>! f�j�� %9D, Q	
 #!�� #'�& %��>, #�20, %g
$ 


@$���             3�/±�V` #�<@��8	�
 #'�&8	
 �T
�g l6��	 d�� P�9>�+
 C *´
 |�@ ��g� 
l,@u	
.  

  

)�,?( K�3�> ID��J Structure invariants 

 �<���� �0	 7!     7����	
 #�m� )~,q (         |/1>, W #/�<@��8	�
 #/'�&8	
 $��� *�
-    �$�M2! ���, %!
�>	 �
��Z
 ��@�j	� .         $�/�W #/9�0	
 ��� %^� R	U 7! fW�-

�
��� .     �
��«	 �9`
 kM< {�NC     ��1	
 #�	�9�G
 #]�� )~,~(     z�/9:
 #]�/� (
)~,�� ( ����+ #	$�>!@)~,�o.(  

 %!
�� *�8, ����	
    {m&	
 #1�,�!   9µ *� v�� �  Fm!�>!3    *�/8, $��K
 
�M�f
  
�< ?�>,@     C��6, Q	
 ����	
 %!�� t,    ���>:
 �2� B-
�&- ���,  .  �a����g *I

          %�Z
 ���! ��� f
�9�>! *�8� W t,�2	
 ��� *� |� �V�9:
.       %/!�� ��/� *�/8� 
 f
�9�>! ����	
        , W ;�>+ 78	 (%�Z
 #10< ��� �9�>� .      %/!�� 3�>/+ *� v�G

    V�9�, �0' ���,      ' �a28� ;<=' (��1	
 ���� #]�� C      W ��g� 3��9 ?�>, *� �0
     ���! ��� ��9�>! *�8,Z
%� .      ��1	
 $��
 *�8� *� �¶ ¯ 7!   #�9#�-�O ���, .

�$�M2! ���, %!
�>	 �
��� $�� |8	@ %�«	 �-W  �����^-  enantiomorph *�
fW@� ?�>,.  
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)�,A(  K�3�> 6�6LStructure determination  

   �����	 �����:
 ��1	
 B����    � ��6- #>T�� ����	
       �
�/, *� �a/28� ��
 %!�8	�- f��8�,�!�,
   
Y�@ *�8,   #�a+ d
�e�+W
 C.   *´
 ,      #�/+�+Z
 #]�^/	
 *�/8

�	                �/�
��	
 �/��� C d�e�6, ��� ¢� ��< *� |]�2� (�aS�� � �� ��1	
 ����
#�����	
.   
 t!
�- *I           %&!@ #G��! *�8, #0��1	
 XY¨ #�����	
 ��
��	
 %� Q	
 s�+�K

�¶ ?�+ t!�<u	
 R	U��$�� #�,´
 3���9>	
 :  
) �(       (�
�6:
 ��
��	
 3�>+ s�6G|E(h)|    �$�/��! 3�>+ 7! |Fo(h)| . *I

     /	 t���, �$��I 
Y�Fo     #	$�>:
 C #'���:
 )~,o .(   *� �$�� |>��1	
 7! 
    $�¶I C �a!�e�6,     //	 h�1:
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Fs @ I      ��/� 3��T�^/GI ³�/�<

    #��
�M	
 ��!V	
 ���� C ����69 .         ���/0, C �Y/K
 U�·
 7! �-WEs 
#jMe2! #�@
� �2� 3�+�8><W. 

) s (  Ş  ��� 3��m� � .          C �/9 #1�,�! ���, %!
�� {mO 7! dVG ?�>,
  #	$�>:
)~,�® (   �>- �9�' d
�e�+W ���,@ .    #�m� % *�8,  7!,  R/�

   $�M2! �G  C     z�9:
 #]�� �° %��G)~,�� .(     F�/9¹
 
Y� *� v�G
       #�[Z
 7! ;<=' (3
�:
 ?W´
 Vw2� *� 78ª      $@�K
 % �2��	 *�8� *� 

 %>M	�- #��S�! .(#'�S��- *='    �-��  3
5]�! W  ���� ���, #   F�2	
 7! 
 #	$�>! C l�:
)~,§ ( f�j�� *�8, B>S@ ���>- �9�' P�9>�+m	. 

) ³(  �º\»@¼�    ��1	
 �����	 #!�e�6:
 3�+�8><W
  .  #9�0- �
��� *I|E|s���Z
   
    #	��0! #��- ������ 78� �0' .  (#'�S��-  *='     *� �-W ���, %!�� %

       *�8!�
 ��0- ��� 3��m� 7! 5� $�> �\
��� .    7�Y/� d�e�6/�
+ Q	
 ����	
 %!
�� 7! #�TV\ #��9µ ����gW 7����>:
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) $(  G  #�
��	
 �
��� $� .�½�     z�9:
 #]�� F�9µ �)~,��(    �
�/�Z �-W (
     F�9¹
 C ����	
 %!
��  #'@�>! *�8, *� .  �a28� #�
��	
 C   *�/8, *�  

#����0, #�<@��8	I #'�& #1��g 7! #-�6� �
��� @� #^^¤ #�T
�D� i��. 

) /�(    ��02,@ ��� ���� .     :
 #]�� C #�
��	
 �
��� d�e�6,    i�/� �����	 z�9
 ����\ ��� .       s��0�, ¾G #��9>	
 ��8, ¯ 7!Z
  i�� �2� �
�� #�-�O  . �!

             ��/� i�/� |1>� |8	 P�9�GW
 ��>- 
Y� *�8� (#�T
�D� #�
�- �
���
         #0��� C �9 ����� 3
�! ��8, ��=' ¯ 7! (#����     �	��/ B/<�! 

Monte Carlo. 

) @(  
  ��0��+W
 P�8�� �6G .    � 7! #!VG % %9>�6,   �a��� %^��! �
��
C) /� (   ��0��+W
 P�8�� s�6G C .       #1�6/- P
@$ XY/� *�/8,

            ��
�/\ ��� f
���! |1>, ?�+@ #��6- �6� *� 78� Q	
 �
��«	
��1	
 #!VG. 

) �(  
 x6'@ �6G   #�<@��8	�
 #'�&8	
 #1��g � .    �
��Z
 dVG d�e�6,Z
 %j'
         	
 �T
�/g s�6/K ��0��+W
 P�8�� #1+
�- �a��� P��6:
  #/'�&8

#�<@��8	�
 .         |/±�V`
 ����	
 $@�G C ��6M!@ #���M! XY� *�8,
      �$�\�:
 i90�	 |�
�' |T��9� ���>! h��1�- ����:
 .    #/1���
 *=' f��	��

#��Y	
 ��
�:
 ic>! k8>, ?�+ ��0��+W
 P�8�Z f�0�� %j'Z
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)�,A,�( M�. N�B8 E Calculation of E values  

  ���	
 3�>+ *�8,    #��6/	
 �|E(h)|s  #/'�>!      #/	$�>:
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∑
N

i
f

1

2
h

   #>���:
 ��D	
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  ���0�	〈I〉    �+��9 |� 1��  #��>M	
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   7! 3���1<(sin )/     �/� 7! �U�g�! 3�1+��!@ � @  (sin )/ C   %/   ��/1<  . *I
   5O�, f�j��@ z�8><
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�D	
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 s�6G �2� �����W
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 �! 
UI |0�0G f����0, *�8� �Y	
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   ��1	
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)�,A,�(��� 
�.O+ ��P>  Setting up phase relationships 

    �YK
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)�,A,�(��� 6�6Q"� 
��#�!� -�R2   
Finding reflections for phase determination 

    �
��� �$�� $��Es          *� 78� XY� 7! % B6�	@ �0' uZ
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�/G ?Y/� *� #/c��	
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1

khkhhk EEENK.  
  

  
����� ��	 )
,�.( � ���� ���� 	��� �	����� ������ (h).  

  
 i�0- 3�+�8><W
 ?YG *´
 78�e(h)� ¾G f����, �]�� �0�s��1:
 $�>	
 .  

  

)�,A,?(> S�����6��� �����  Assignment of starting phases 
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 �
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)�,A,A( T�U0>	 ��� 6�6L Phase determination and refinement 
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