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Problem (2):
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—+2
n
2
3) LimP 2o+l _ . (@-hHn-1)
n—aw n-— o> n-—1
= Lim(n — 1) = oo —> diverges (52cliia)
n—»c0

~15 -



Jadiial) cilgualy N

@) le[ nr 1)(1 - l} = Lim[l ¥ -1—)(1 _ lj
nowl 2n n n—o\ 2 2n n

= (%J(l) = % — converges

(5) le\[_ le(\/_ )2 =(1)* l—iconverges

n—»a

L. Inn I;_lffolln 0w ;
(6) Lim—— =822 ——=— =0 — diverges
n—o Limn 1

n—<0

(7) le[ln n-— ln(n +1)] - L1m In— = ln(le ——)
n+l nson+1

=In(Lim _) In1=0->converges

n—a
14—
n

(8) Limln(l + l) = ln{Lim(l + l] } =1In e =1 — converges
n—»c0 n n—w n :

n
Lim[1+l] =e ] (CFURS TP P JELITEN
n—w n ’

-16 -



Aasital} cilaaly

Infinite Series | 4D cdlabudall ¢ Ll

(Y) s

138 ¢Afiles ¥ dasliie de gana Ll (infinite series) AsleDU) Alul.adll Cips
ol {a,} =ay, ay, a3, ..., Bp, ... ¢ RGO Lglmadl o {a,) cals
103555 5ylatiall AsleU ALl

e 0]
artaytazt....at... =2 a,

n=]
4B gals
sl adgas gyena G b n e (350 (finite) dugiic daliie {a,} <uls 1y

n
artay+az+...ap+... =) a,
r=1

cagas¥ pan (pe 434S (finite  series) 5350 sf Augine Aluliia o

Alulad! (nth term) s sl a, e

(V) i

ek Aluluad (sequence of partial sums) 3l aselaell Lagliie Cayes

| P VIS Lpaal {Sp) Anylinal
s|=an,$2=ata, s3=aytatas,....,S=arta ... +a.,...

«(n th partial sum) sl Aal & sanally 5 20al orws

H(¥) i a3

35 Legegana oy (converges) Ayliia ) Al Ledl Al D Aldad Jlay

b5 L o Lelety Al {S} Led tiall pualaall Faylie uls 13 L 2ael

10K Alal o e

-17 -



Ladiiall cgualy )l

oo
atapt..tat Z

0S5 AL (B (i ) 5ae i u)gi asaladl i S 13 U
(diverges) s3c e g dpets Aulia

3854
{a }__1__1_'_1_ _1_ Al 3(1) Jia
n 29229235 21.17' . T u
il Adluial Lee pane (S
1 1 1 =1
—+-gtgt=)
2 2 2 n=12
um {Sp} o Aot o3gd &5 3o podlal Al
s, =8, ==, PSS N Y B |
R A T CR S S
§,=a,+a,+a ——1—+-1—+—1——z---
R T R S
tAaiial 3(2) (Joa
1 1 1. 1
{an}" ) +
1x2 2%x3’3x4’ 4x5 n@r+D
1 1 1 1 1 & 1
+ + + oot o=
I1x2 2x3 3x4 4x5 n(n+1) min{n+1)
ieun Sy} b Albadl o3¢l A yall asalaell dafiia s
: 1 1
$1=8,=—=,8, =38, ta, =——+
! I x2’ 2 : 27 1x2  2x3
: 1 1 1
53:a1+a2+a3: + S R LR

1x2 2x3 3x4’

~18-



Ladiial laaly

AU ALl aal Lo gane JSi

111 1 = 1
l+—+—+—4cb——t--r =
2 4 8 2! ,,Zzlzﬂ-l

riun {5} b ted Tl gualoal) dnstiag

5 =a,=

s,=ay+a,=1+—

S;=a;+a, +a; =1+ +1

3—- l 2 — - T asaaes
3 2 4

-19 -



Hadiialt cilyusly 51

dJglxo aliol
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Example (1): Prove that the infinite series).
n=1 I‘l(l’l‘f‘l)

converges and find its sum (e yes)
Solution:

! :l-——-—l Y]
n(n+1) n n+l

1 1 1 1
+

+ + + +
1x2 2x3 3x4 n(n+1)
1 1 1 1 1
=(]l- N+ (== +(===Y+:+---" I Gl P RPN
(1-2) (2 ) (3 4) (n - )
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Example (2): Find a formula for the nth partial sum of the series:
1 1 1 1

+ + + et +
2x3 3x4 4x5 (n+D(n+2)
the series sum if the series converges.

..... ,and use it to find -

Solution:
1 _ 1 1 s
(n+D(n+2) n+l n+2
:I\,QS’HJ}AL;Z\_LMi@LAé
1 1 1 1 1 1
e — + [ +...+ S — +...
(2 3) (3 4) (n—rl n-+2)

15 pealls {Sp} Aiad paelaal 15505

| 11 (1 q (1 q 11
Sy=a,=———,8, =a;+a,| ——= |+ —— |==——,
273 2737 374) 273

e = Ay b, = (o) G ) ()
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g oo g 1 L 5% L= e o2a cuilS D8 n—>00 Levie S &l a e
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Example (3): Find the sum of the series Z[ . J_l J
+

Solution:
g pon Slaeall Aiaduial
1 1 1 1 1 1 1
1-=)+(—=——"F)+(—="F)++(—=——F==)+
N Y Y A Y r RN i e
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LI BN B
Jn  Jn+l - Ja+1
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[+] ow 4
2 Z ......

nt(2n— 1)(2n+1) ot (4n — 3)(4n+3)
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sn=i_—r e sana g dn U (oS0 dnaigll Abubuiall o8 rj<] s 1Y) A
el ()68 Abuludall la frf> 1 el 13
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daxiial) Cilualy i

| A Gpaigl il il posane 2n g 2Ma
2 2 2 2

1 l, 15
1124 —+—+—+...+ +..=2+2(=)+2(5) +2(=) +.....
_ 1] 3 9 27 3n- ' (3) (3) (3)
a=2, r=l
3
A-C)] 2-20)" —
g ___a(l—-rn): 3 - 3 =3_3(l)n
? 1-r l—l 2 3
3 3
“ Lims, = Lim[3 —3(%)n ] =Lim3—Lim3(§)" —3-0-3
[Lim(%)“ =0« Limx" =0,[x|<1] toY el

e i sl T 3k [r=3] i1 Bl

2 -l
-1
a

s, =2 =2 _
l-r 1
3

1 1 1 1
2]l - =4 ———+ ...+ (-
[]_ 2 4 8 =D 2%

L)+ ) )

+....

a:l) r:_.___
' 2

bony 1o Lo
L ;aﬂ_fn):(nﬂ—(-i)]zl ( 2) _
T l-r 1_(_1) 3 3 32
2 2

- . e -
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datilall Sludaly

2 2,1
. Lims, —Lm—-— o im=-Lim=(-—=)"
‘- Lims, = LimfZ - (0)(-3)") = Lim 2~ Lim ()
=2_0:E
3 3 |
§ s—ane Cua Aalad Mlal‘éaekio&aé[w—%] <1 of s ;A3 gala
.i_ E 4‘] l‘ ’lnn
I-r
o = % 11 12
" l-r 1, ., 17373
I-(-——) 1+= =
. (2) 2 2
| 5 5 5 5 5 5,1
==+ —F+—+.t—+.=—+—{()+= +..
[],,14“ 4 16 64 4" 4 4(4) ()
5 1
a:._, I‘:.—
4 4
:}M\&wgﬁ:\é |r[<1<——r=% Qiclga_s
£
a 4 5 5 5
TIor 1 1401 3
1= 40-- -
; 07
22" LA, 8 16 2 4 8
4 +—=+—+..=l+=-+—=+—
[]Z 5 25 125 [ 5 25 125 ]
‘OJJ;\Q&J@L}&LGZU&\E?J&H:],u&djnzoo&cjﬁeno‘im
Z@Wﬂ‘.&gw‘&wmﬁw1tw

.'.a=1,r=§—>sn.=2[1ir] [__] 2[“’]—_

5 5

-26 -



daai5al) Ciludaly

Problem: Find the sum of the following geometric series:

oSBT e
Solutlon
T S R S

(1) Z[ ](5) § —2—+“8-I+ .....

S S |

19 0 173
Lg o _ 1/9 . 1 b1
T ler 1-1/30 9(1-1/3) 9-3 6

) 355 5,53

a 5 5
l-r 1-(-1/4) 1+1/4
Repeating decimals: ) j<Gal) 5 pdall sl

Example: Express the repeating decimal 5.232323 .... as the

ratio of two integers.

Solution:

t ) A pagna
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P T e — e — ]

23 23 23
+ 2 + 3
100 (100)>  (100)

o) ()|
=5+ 1+ + + o
100 (100) (100)

1

5.232323...=5+

1
a=1,r=—=0.01 L8 s alulia
Too Ol

a 1 1
l1-r 1-0.01 0.99

| 230 1 23 518
. 5232323...=5+ 542 018
100{099} 99 99 IO

‘The nth — term test for divergence sxlill 4ol aall il

Tlage sana () S

1 Aol Sy a0 oS 1Y duls Ya, alaldel o] dA ks
n=| )

Jan # 0 Cua] dlodoie 2cld SASY & ylaill axsan g o jaall e ay alial
J“Sn::al‘i-az"',_,‘+anoijwt&wgt\es(:j&)ﬂ:mwi
S O i S, S, wdsuls\hn_}\ﬁum sl (3l &_yn.a.“

el Ge iy 2, = Sp— Sp— 1 Legin @i Ol el
Ay edlabuil e aelall 5 gl sl lid) e 1dBa
(1) Y.n? :Limn® = 00 # 0 - diverges (320l

0
=1 n—»

(2) Zcos nm: L1m cos(nm) = le( )" = # 0 —> diverges

n=o0

(3) z“—ﬂ :Lim ﬁl:Lim(Hl]:l;eo—)diverges
n

n-w 1 n—»

~28 -
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4) Z( ™ le( )™l =02 0> diverges

-n=|

()
> < i 1 L 1.0 diverges

m
=211+5 n—>w2n+5 n—»o 2+5/n 2+0 2
(6) Zln—- :lelnl = lnl =In0=—ow # 0 — diverges

- n—w n o0

n=1

@ 31-2 stinf1-2 ind ()

=e™ # 0 — diverges

n->w

[ e = Lim[l + %T — e iy i ()
(8) im(;—i—l) :Lim ln(}]llﬁ) = Lim{In n - In(n +1)]
= Lim{[In(1) - 1n(2)] + [In(2) ~ In(3)] + .. ln(n) ~ In(a + ]}

= Lim{[ln(1) - In(n + 1)] = ~LimIn(n + 1) = —o0 = 0 — diverges

& 1 1 s
9) Y n sin(——) :Limn sin(—) =Lim—2
n n n—wo l

n=1 n—x

n

sin x .
=10 — diverges

=Lim
X—po X

-29-



I I AL S B
[ESPIPL TS L T DN L) W s
w )
" o - .
: “*‘Zlﬁ'wl‘._.-; r "‘i.)nl

"ggg
Ol Ot gliluluie Zﬂn"'A X b,=B uts ij
AL Z(anibn) Zﬂ Zb =A1B, - S A
(i) Yka, =kXH,= SRR Pl =il u.t;
). 2ifatby) UL* pacliia Ebn 34 Jm Eaﬂ 1._1.\[5 lal _&g

Ex: Find the sums of the followmg ser1es '

oyt mz

-1
n=1 6n

Solution:

311 &1 1 ) -
1 = T T oY R
( ) nzl 61’1 -1 g(zn*ft . 61‘1-1 ; S

o 1 - :_';_31 :2

=—T=§= . 4 -
1_ Il e f q
o (6) 6
. liy_ldl—l_z_g_i
il U 5 5




daaiiall Slpdaly Sl

=1 1 1
1 — =4 =4{2]=8
) S =43 =4k 1=402]
ossda = 1, 1 = Y% Lgd Laam Aludude b Z(';T) ALlad Gum
n=g9
Lee gana
NS N
1-(%4) %

:(Reindexing) cduludiall A Juall 45 sule]
Ll as iluluiie Y (reindex) Jall iU sale) (o Sadl (e
Sy ol LIRS oo LAY of L& et o0 3y dladgan iy

dotils Ll
Leally 8p Alee A0 daias b laia Jdall A4003Y) el ca‘)](\)
(n—-h)
Lylay= yay p=artayta ...
n=l n=l+h
danlly ap Aales 40 Jogud chlateg Jhall 456N Aagll adsl (\‘)
(n+h)
" Zan = Zan+h = t+taptay.......
n=} n=1-h

Example (1):

Write the geometric series:

as a sum beginning with: () n=0, (2)n=5, (3) n= 4.
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Solution:
forn=1 ) 1_1=1+l+—1-+ .....
n:[zn 2
forn=0 Z—l-=1+—1-+l+ .....
nzozn 2
2 1 1 1
forn=35 : =1+—+-+...
11;5211—5 2
2 1 1 1
forn=-4 =l+—+—+...
n§4 2n+4 2 '
Example (2):
Write the serieS'
1 1 1

----------

Sa,=

= 2><3 3><4 4x5 (n+D(n+2)
as a sum beginning with: (i) n=0, (2)n=35, (3) n="-2.
Solution:

forn=1 :i L = 1 + I + S
' mn+Dn+2) 2x3 3x4 4x5
forn=0 : > ! . + L + L
mo(n+2)(n+3) 2x3 3x4 4x5
forn=5 : ), L _ ! + ! + Lo
ms{in—3)(n—-2) 2x3 3x4 4x5
forn=-2 : ) ! ! ! Lo
' o (n+4)(n+5) 2><3 3><4 4x5



Ladiiall clacaly i

s hdeiall 2l g oo WS b HLad) AN

-

dugad
sV e al 6 ccDlulanadl Lo 5o xie
Ly A AlLad ds (1)
Lage gana 5a Lad 4 e culS 1y (2)
Al s (Sl gl eally g seaad) s Gl Lt g geaddl
Jon gall 2 sal ) Coladudal olEs Lol GJ; Lid i b gt g
Clagiie JO5 e bl ol 38 el Gile geaadl o g @l 2 il i
el U_A Basdna (6 Cilagiiall b o 5 (nondecreasing) dailiia e
3 Al Aam gal) 2aal D Alabuniall of e I, LA lEe Lila o
(Lt ) el n lasiae 5% (S 3ad Les game of iy Luid
:(Non decreasing partial sums) dailiiadl & ddjal cle gaaall
basiaa Wla e S 1Y Jadd e 5 Jel e saaas {a,) dasliad of J& (1)
i (ind 50§ el )
o g 1 330 el ey sl il 0 (an} = 1 s ()

0<—<1

05 2527 Cua n ad araad 2 2l il (e 53 50ma {2, }=2" daglindl (i)
N pf aead 20<M 4D (B M axe 22 Y A el (e 03 g0aa and
e W ad Ja<agy oS 1Y Ldilie e {a,} dlnd o Ji (2)
nadJ Sha,<agy <13 (increasing) s e Aaglmadl &b o Qi LS

Aagaal]

)
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3151 aa e dagliie gl (converges) 4yl S5 53 50n0 Aayliie 5f (3)
| (diverges) saelia (55

b

e il e m.tm JS5 25 500 gasalaa
SISSZSS3 "'SSHSSTH‘I <.

-

1AaaAl ¢

13 (converges) A—s jliia dua sall 3aadl D Enza L Albiad) o
n=1
.‘gu e 3 sn A 3ol Legasalas calg
Example: Prove that the sequence a, =£—1 is increasing one,
and bounded from above (el ‘L'J-—-A 535254) by 1 and from below

(Jid (1o 5) by Y.

Solution:
¢ n . . s
Apey > @y O i 3l Yie —— Aagliadl o CASY
n+1
n+l
,,0 n+2 D+l n+]L_~r12+2n—|r1>1__>a+l>ﬁl
- - . - fl n
a, n n+2 n n® +2n :
n+l

Al 5K (Boundness) L i Alagy 5 3 Fie dalinial) sl
:3_)_,.-.4.“._1
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¥ Y aaall ef ey aaall Y4 aaall Jid e sagane Ll ()3 B ey

LS

n+l
Cslladl gay lon 4 oAl
2 n+l

:Harmonic series 4.idlgil dloludall
silubinall Lol 4aaal Alubnall Cajes

Z—1—=1+l—+l+....l+....

n=i 11 2 3 n
ol el ol jlaal Slasanlys ((divergent) saclin dluliie oa,
Lim =0
n—® [}

ol apaat 8 Sk LaaY) 1 ol ey aslie ol Ll 13a g
ALLad el el

Al Lelegaad tof las aagr ¥ 4l s ALuldall cda aeld o4 culll
58l 3 Jradilly Ll ageineg (aclia Lagdl (sT) Al e (oad il
Sl

s iy o B C Al

:Integral test Jalill JLasl s

Gus X il A (decteasing) daailiog fusgey dliaie Ala £ ol 13} 24 883

o Gaaas Bonga 353a 3 Aaylia {an} QilSy frage pma e Nl x 2N

e [F(x)AX Jalsall S 1Y Ayie 5% Y a, Adedd) ol aaq = f (n)
N n=N

! AR e S roalyy dlacliie JlSAl e K 13} Sacliiay

=35 -



dadiiall Cilualy )

xamgle (1): Does the followmg series converge or dlverge

(1) Z— () Z'“ 3) Zln (4) Zne
Solutlon |
[112 Sl +;+i+ (Al 511 ALl

LAJJ.‘.;.HE uaﬁu.'ﬁ] 2...451..1:\.4_9 :’t.‘:.\.aln_g IL.;:;_,A ajla wh d.alS:lji f(l’l)=l J:LL
n
L el

[ 5l Jive JalSia s8] x 21, f(x)=l GIVEN jf(x)dx JalSll aa 43 A5
X

jf(x)dx J'—dx Lim f——dx Lim[lnx]*

a® X a-—o

= LIm[ln a—In 1] =Limln a=o0

a0 a—pa0

Baclite )58 Slaaall Alulidiall Gl 4nde 5 actine Jal<al o

o 1 11 1
2] ) > =l+—+—+—+..
[]nz::;n 4 9 16

uailite g dua gay Alaic Alla 2 g f(x)z—li adalt ashs
X
; If(x)dx JolSall 2a 3
1

I— dx=Lim j_ dx=Lim [—]1

4> 1 X a—w X
— {Lim()~ Lim(1)] = -[0-1] = 1
a-sw g a—r

A e %0 Blneal Auboiallh agle 5 o Jliie JalSal o o
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| I 1 1 1
—t—F——t+—+
ain”+1 2 5 10 17

adlinag g my}dmﬂ\.\ oy f(x)— Al aabs

241

: jf(x)dx JalSill an g3
i

T . -
J'z dx = L1m ~dx =Lim[tan™ x]}
1X ‘+‘1 a=—rx 1+X a0 .
=Lim[tan'a —tan™"1] = tan "' o0 — tan~ WLt Ir_Z
a3 2 4 4
A e 585 slanal Aluluiall (8 ale 5 oo liie JalSl o ay 130
TRy

ciludiial ¢ sane (E) (1) B ¥ [l Je i JOd Asll 281 3 (1)

——)
Lagla
1 n?

iy of (3ol d‘—“)'z(?) == D (1) Sl s b

) 6‘&}““?]‘-'Yhﬁju:“:uj-“um‘““ui

@ 2
[4] D ne™ =el+2e*+3e7+ ... =—+—+—+...

Aailia g s e 5 Abustic A3 f(X) = x6™ 2 A1

-37-
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—x2 R T — _ _ 1. 5 -x2 — _1_ . -x% 12
_[ xe © dx =Lim f xe¢ dx=-—Lim I (—2xe™" dx)=~—Lim[e™ ],
a—® | 2 a—w 1 2 aosw®

1.1 1 1 1 1
=l T
e o Al (b ey e JalSE of g T
Example (2):
Show that the p-series (p-ilaludall):

p<1 lac xidfyp>1 e )i o A 2e) Culip i

Solution:
:p-1>0 ol p>1 Levie (i)

X (b Aailfiag L ge A3 _ay f(x)z}}; 1l

® 0 % i _

j—l—dx:jx-*’dx:um{x } 1 Lim[ L —1}
P at!

1 X

e ~P+1 | TP 1w

-1 .1 -1 {
——[——-1]=——[0-1]=—— > con 3 85 Jalsdll
‘P—l[oo ] P—l[ ] - onverges (.3 )

g i Aldad) o e Vaay
JalSal jlsal aaat il Uil ‘Fl_l o p- ALY g 5ana of Badlyy

Ledl) ol A Aal s Y oSl (A ) Ay ine Aludosall o Ll
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:1-p>0 sl p<l Laxie (ii)

‘[LP dx = . lP Lim[a"P - l]z oo — diverges (e lia Jalsil)
1 X —F a—sw

Alladl oda L JelSal Lol Jassul saelge Alubida) of (6f
s gllaall sa
1405 gala
Ay colluaal Sx & el p- eluluie 4B
=) =(0) =)
n/’ n/’ n3'? LA

Problem: :
Which of the following series converge, and which diverge

(1) ZZ—I_I —» divergence by the integral test:
n=1 &1l =

[ dx =Lim[lln(2x—l):! =L Lim[in@a-1)-In1]=Linew=cw
12x—1 a-w}?2 L 2a0w 2

Inl1=0, Inco=0w LITEN

-

w n
2> 1 © -— —> Converges by the integral test:
n=l +e

o0 e)( .
Cn i JalSall 3 g0a s du = e'dx - u = €F puai ‘[1 —dx sy
. il+e
| © e
< ex - 1 "la
dx = =11 -1
;[1+ez" X ;[1+u2 du E_gg[tan uL

a-ra0

~ =Lim[tan"'a - tan™ ‘e]zg—tem”1 e =035
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(3) ¥ —— — diverges by the integral test:
=1

an® +1
el JolKl 391a 4 du=2xdx<——u=x2+1¢..bizf 2x ldx sy
1 X7+
0 M2 (e

S5 a5c=lfiu~=ll,im[]nu]Z:-é—Lim[lna—ln2]=co

U 2 aaw

:Comparison tests 4J,@all ¢ijLaa) 1Lk

2

2 aged
P Aluduiop dpmvigh Alddidl tgiey cOLLGE (e il Co)lis cuas caS W)
COladudiall (e daad) S 5885 Cagas ¥y oSl laad Gyl oo Wy
ylial Chlials Caye La g oLgpslli Cagyna Aduludall dsaay Wagaa 40)laay
oles A
:(Direct comparison test) &bl Aaa) st (1)

te sauy (Quotient test) dadll HLialy baad cajyeyy

ol8 s g s ilulde Tay Ty il 13
a8 U Ay < Cp Cum Ay Eie 20, il 1Y A 46K D, Alulad (1)

.La@b.na.l_‘c-NCg;n>N
JS ag > ¢y Sua Bacliia 2ien <lS 13 daeliie (68 DAy, Alulusal (o)
.LAC__;:...A.MGN&PH>N¢:§

Example:
Apply the direct comparison test for the following series:
z 1 1 1
Nag=) —=l+—=+—+ .....
Me=X =" 5" 5
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Solution:

alluadl] umum@,c —Z Alubially sUnead Al o

a=t 1
M[l_ﬁal).dl
1 1
a=ci=1l,a=— =0.707 <¢,=—=0.5,
1 i 2 \/E 2 5
=—1—2l—)2«~1—2 ——a, >c,
n n n=1vIl =11

Cn > ‘)LLLA“ a th‘ ] JLn.u __,‘ _)-\S‘ dp 2 JJA]
(paelie) Aaeln (5 a, sUandl Alubuial of ans 8Ll A58 JLEsl ey

2Ma = — + + + ...
R R Y W YT A S YT YT
S |

4/5 9/5 14/5
w‘)i_a.\c‘_uﬂml;mgh_gc —Z whanwl u_)'ls.a

n=111
(sl 5
[cn — 3 kliall 0 gl e 58F &, 350a] an>cn'<—5 1>lzoi_~.;_;.3§
. n-— n
Baclie 6 ay sUanal ALlad) o aas paluad 35 B \5d) ey
_ ' 1 1 1 1
Bla, =1+ ——+——F—+—F—+..... ——~+.‘..
2441 4+42 8+ "+ vn
— < 1
n=12n+’\/ﬁ '
] cn:Z% Alabinadls Alabunal sda oyl
n=9
I 1
Co=l+—+—+—+..
4 8
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r) e (A e Apnnia Alulide o8

+ 1 + ! + ! +..-..51+l+l+1+...

2441 4+42 8+43 7 2 4 8

ey — ULLMHapjtwtmjtw&aanqjhuidt]anmn. o el
() A it ¢S @, Aot of aas 35 R i) g

Problem:
Which of the following series converge and which diverge.

Give reasons for your answers.

()nzl(3n+1) - (2)211«/—‘“_
@3 >

=3 ln(ln n) : oy
Solution:

[]_ ,,2%(3 +1)n

3n

) ) ) <6
<|l—1! = <=1 —=a,<c,
3n+1 3n 3n+1/ 3 :

S g o0y Bkl il 3 gaad) e 8 slkeal) Albiziad agan of (o

n
cof aaid (ij Aluboaall Ahdiad) o3s o &

UJ_S.E( ]Lru_\.“ uuuﬁ:mmm@(;) alulal

[:U _)Lu]\ _)LCL:J (J"‘] :L_u _)133 an al.lunal
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dadbiall cuilpaly Hl)

2
anzn ,———n_

oy 1
el aa p- Alalide Ay 7 T

(1
nvn
1

n’(n?-1>n? :of 6in>2 KIn?-1>n Cus dy)lie ag —5

ALl dlulonadl oda oplas

: e 1 1 > :
&) ap<cp o8 el ly = <=5 :J L_;T nvn? -1>n*? :L.Ji !
nyn® -1 1

g8 06 Ay slaxddt Aluliad of

[]Z

el ey el Alubude oy cn—zn Aludeadty Alulad saa o)l
n=3

:of ¢l In n>In(In n) f I n>Inn

]n(]n )

Jicn<an0ic5-""—“ _,l< L
n In(ln n)

el S slanal) gy ALl o ant A3)Eal JLaa) b ca>cp
ol-n

4] > —=

p=1 D2

3y geally 2, Adabudall &
Z‘nz" “r.nz" Z[z)

Pua Gfiglfie Giludulie ggane A9
A, 5 Al s Hlasd hat ol 4yl ié AL sl (1)
n=l

Loy
a2 Y

e

wl—fﬂ‘r‘dlal; Aalad) 3pa e J ALubidl spaa o (o )
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i i At 2[21] ALLad (2)

n=l1
.(converges) il dluluie & 3lasal) Al
:(The limit comparison test) 4lgi5 ;0 B 43 JEal Lodl (2)
LS 2ay, Dby dsge 29aa il ik Laa lus 1ol Sy 1dg i
o ¥ Sn=L

n-ya Yp
L0 oS 13 iaelie LadS J ol fiie LadS Tay, Db, bl (1)
L>0 4
s 355 Ty ofh Sy L=0 S 1Y Rl 015 by sl (2)
OS5 Ya, gt Ml L= 81y dpels & Yb, Aubuial (3)

Ggaelh

]

N i S A e g, L LU collad sale 4kl o (ki
Example: Using the limit comparison test to prove that which of
the following series converge and which diverge.

2n+1
()22“—1 ’ (2) nzl( )
3) ZBn +2n+1 , ) i}_-_i—n_l_rgl_
- o=l
12" =1
;_‘\heuuj% d;maLaanopn_uﬁsnam‘an;znl_l &
MJL&MMME[) ~25—— ol Syag b = 21
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2"

Lim2n = Lim[

n—ow bn N

1 x2"j]=Lim 2 o Lim—L =150 ol
1 o2 ] now lq(i) _
. on
055 YA, Aladudiall 1 Gl Aled by 8 AR sl e (1) sl ik

LA 2b, o] A i

| S 2n+1
2] :
[ ;,gl(ml)2
2n+1 2n+1
Jdledlloa, glan Js Sl Wdllica = =
P 2, (n+1)* n?+2n+1
Cua g 5[.L:§5.L\;w.ﬂ\£_ug_lbn=-—% ht\"‘] bn=l Lcﬂﬂ_, —2—~ Lg‘ —2——-121
‘ n n n n
ol SN g sactna Abalidie Zb“=2-1- o
: n=1 n=111
2
Lim® = Lim[—%“—ﬂ—x n] ~Lim—2 7% _250
noeb oo n” +2n+1 o +2n+1

foaetie’ (V] saeliie o8 Abuduiial : fd Ty Y1 o (1) 5 5al ks

| 23n? +2n+1

31 X7
n=1

+1
. 3 . 3n? 302 +2n+1 . .
n n n +1
_ n n
ol Ny Al Alliie Y = __1—2_
‘ n=1 n=[11
2~ 4 3
Lim2: = Lim E1——4;L+1x112 =Lim§%2§-—+—l=3>0
nswb N n 41 n—w n" +1
by V] A i < Yay, Aladuiall s i LY o (1) e el ik
[4 s
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] i1+nlnn

n=1 n +5
i nilnn l1+nlnn
] ‘_]_udlu_aanu\_qn_l _).uSJ‘e.ﬂﬂs R =T gy
(n®) n’ +5
AT ¢bn=l aaf l_uS.uan>3 rq_au _l_Il_Il)_l_ Ui unj[h‘lﬂ}
n Il n
ol Ay aclgie Aluduie a5 an=2—
n=2 n=2
2
Lim 22 = Lim [1+2nlnnx n}=Limn—+;~l-H=
n—)uobn n—»xa| 7+ 5 n»® p°+5

[s2ee by ] 3aelia ¢S5 Ta, duduiial :ofé s (3) o Sall lihy
Problem: Using the limit comparison test to prove that which

of the following series converge and which diverge:

2 4—n

(l)iﬁ“— . @5
@In(n+2)

| 4
()Z(n+2) ’ ()Z\/;T

Solution:

[I]i Inn
lnnu.::x]ﬁ e @llid @y s n — 5l il g i\/lgi_”ﬂ

Ctaclfe Al Libe g bn=.—1— h...:'i‘aeﬂhlj[\/ﬂ Oe 3y a3

7n

. 1
tod Liad (fracliie 0 P =14<1 Cya p Aluluia (& Y —
: n
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le—- Lim

vnlnn
xvn |=Lim———— =Lim =oo>0
oo bn n—)&n{:.\/n +1 :]

n—«w »\’n-l- n—-3w ,

0355 D3y Alu el 1ol 840655 ) gea (A A5l Jt.ual (3) ol tiskay
[Baclae b, Y] saeliia

21 52

J 1 s n 4-1’1 -
[-—2—) -? J;uanubn_._]a}ﬂ‘?mlha“ 3 US"]

n +1

] Cumy e ALl s s bn:;l; s el

21

=-1#0

2 3
, a . | 4-n ; 4n° —-n ;
Lim—" = Lim| ——x n® |=Lim— =Lim-2
n-—>cobn n—sw

e SR e, L
n

an uS’] ‘L_.a_)h.u UJA" Zan Al Luaad uu _)LL\::)” Oy (1) &j,aﬂ G-,I-LIJ

[l
In(n + 2) '
_ ] Z 1 {(n+2)
. 5 . : . . In(n+2) _,
:u\’];ld_u&n_aanopno—an)}gﬁ‘ﬁﬂhaﬂ=—m—2——()iﬂ

Aoae s ALl .y bn = l b S [1'n(n+2)<n+2
n

Lim®n = Lim[ln(n+ 2) < “i‘ ~Lim nin(n +2) _

'ui til:\a._j
n+2 nse 042

n-—co bn n—w
Yby o] Aeeld 055 Fag Alu L ols S5 e (3) +all iy
[0l
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mzﬂ

1 ' |

tJie gl = :Jie llsay N (e sl il g = osal
31[112 31'12+1
2 e 1
.[P=—§<1 Gun] Loeli p- Aubidie 2y bn:;l-z— ab ey, — 5
1o Camy

——x%/_] L1m——1———1 >0 -
ﬂ-—>m3~/—~_

2.bn O¥] Agse s (5 2an A

B Gt Y e (1 et
Jeaeliia
:{hse vatio and the nih root tests Joill jdally Ll chilad) 00
Jemalls 3] The Ratio Test duaill 1330 (V)

orSia Dbl mey dllia (L8 Ailad) L aal) Jh Alla b
(D' Alembert  <syually JLARL L <iyay 53y sl SLas) asiud
: Y e Uaug <Ratio Tests)
2008 [Lim 2nsl = p 208y Aumse ag0a ld Al an o&a

n—»w
a'l.'l

p<l oS Al 0,8 dubadl (V)
p>1 S 1 dela 0% dlubuadl (Y)

p=1 <l 1Y Jady LY ()
:Agala

Gl s o Adde ALLidl dgaa 1580 Lale sale all jladl asd
N e Jamisal de gyl chuaill fn e dladdl eiduedl (factorials)
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Example: Applying the ratio test to investigate the convergence
of the following series:

22"+ 5 2, (2n)!
m 522 . o3
— 3 ool nint
© 4" nin! = (/)"
3) , 4
()§(2n)! ()Ilz::l n!
~ Solution:
22" +5
m 3
n=go
27 45 2" +5 O
A1 T 3n+1 n = 31‘1 S
2n+1+5
agy 3™ 12™45 1124527
a, 2"+5 3 2"+5 3|1+52™
3!‘1
: 5
2+ =
Lim?“—"”:lLim 25 =—1~.[E]=%<1
N g 3 n—eo 1> 311 3
2[1
(B tEe) Ay o 2, Aadeid) of f p<l o e 120

jiw\_a‘;;mﬂmwywltw@ygwt +4% sale

g AL § pene off Riiall iy ALuLad) el

i2“+5=i@_)“+i[§5n_) i 5 _221

— 3" = - - 2 1
n=o =0 n=g 1_ 1
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2 32

n=1 n'n!
(2n+2)! —a = (2n)!

e T e D@4t il
_nni@n+2)@a+h2n)! | @)= @ne2) (2nt+)

1l g

an+1
a_ (n+1D!(n +1)!(2n)! (2n)!
(nt1)!=(n+1) (n)!
: 4+2
_(2n+2)(2n+1) _4n+2 T4
(n+1D(n+1) n+l 4,1
n
. a 4+z
-+ Lim="*l =Lim ?=—=4>1
n—® g n—eo 14—
n
saelie 0% a, Aubaad of Gl p>1 o ma g
> 4"n!n!
3
Bl nz=1 (2n)! | | .
4"+ DY+ 1) 4™ pin! ,
a = - H 'I iy il
| et (2n+2)! =m0
a,, _ 4" (@+DYo+1)! (2n)!
a, (2n+2)2n+1(2n)!4"n!n!

_Am+D)mn+1)  2m+D(n+l])  2n+l)
T (2n+2)2n+1) (@+D2n+1) (2n+1)

1
‘ 1+—
Lim2l = 2 Lim 2L opim— 0 =2 =1
n—o g n—w 2n 4 n—>w2+_1_ 2
n

reld o jloadl A Qs A gl O e p=1i) S e
el Jladd e 3 o Jall lad) SUanall dluluial
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Aadiial) ciludaly SN

30 clite dle Ldl o3 o ('j Sl S Al aall i gml,.ihf_p_l_a

IS
2n+2
2n+1

an+1 =

a

An 18, Ol >1 ) Sus

a, 0 s 2 al Asay =2 Gkt § e 8 588 agaad S o
Saclie ol Aubiddl ;oS8 —> 00 Ladic

300 |
n=t I :
—( ,‘n+1)n+l _(‘\[I'_l)n

n+i —‘—_—‘_—(—an -

(n+ ! n!
apn _ (Vo)™ o)t 1 1+ Ly

an' m+1))  n! Yo+l n

r) s

a 1 1 . 1 i 1
- Lim=2L =Lim 1+ )2 =[L1rn————).(L1m 1+— “fzJ
noe g n->co 4{11-}-1( n) n—sw /1 + 1 n._)un( Il)
= (0)(e")=0<1 e =Lim(l+ )"
Al a, Aldaaad of e Ve p<] G meon
e” =+/e =Lim(l+— )“’2

Problem: Which of the following series converges and WhICh

diverges. Give the reasons for your answers.
oQ
, (2) Zn!e"“

L@ z

2
(M n21 2“

3) Z

10" 10"
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‘Solution:
(n+ 1)‘5

n+tk

J2 n
1) I Lim[ } = Lim(—n-"'—l)l—-,i—
o 3. n—»w® {nﬁ:l N 2n+ nvr2_

2!1

Y1y (1
= Lim(l + ~J (—2—) = (EJ <1—> the series converges

n—w n
(A1)
(n+1)!
2] Lim %t = fim— € = L € a2t 0
1w gy -y —n_ e " al e
eﬂ
(diverges) saclie dluloidl .
(n+}Y! +1}!
Typantl | a
3] Lim 2241 = i A0y QDI By
a1 g n->w L’ n—so 0% n ool
10"
(diverges) saclie dlaluiall
(n+1)"°
. a, . ntl n+1)° 10°
4 Lim et = Lim 107 ngg(mn}] 7= Lim(1+)° ()
10“

= (~—)L1m(1 += )“‘ = (—)[1] o< 1 - the series converges

¥ The nth Root Test dalt Lsal ()

35S st o (Root test) jdall Lol Ll SLsaY) taa Ciyay
1 & ans (Cauchy's test)
Limafa, =p :<ulSy cdmge dp0n ) Alubuda Yay culs 1Y

n—r
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. oM
p<1 w13 (converges) 4 liie aluluaal oS5 (1) -
p>1  culs |y (diverges) saelis dluluiall o5 (i)
p=1 cal€ 1y Ly Qi (i)

Examples: Applying nth root test to show that which of the
following series converges, and which diverges:

W 25; Y

n=l
(3) Z(—"—J ) (4) g (lnn)“
Solution:

ﬁ 10)> /)2
[I]Van ____)\/‘—n ok W ((znr;l)/n=( ;)

(«/H)
2

. Lim%/a, =Lim

n—a n—0

1 1 1
=—Lim@%n)’ =—(1)=~<1
SLim@¥n)? =2 ()=

(converges 4 liia Aludaalld)

2] 2, =5 —%J—\FW 2}

2 1
o, Lim%/a, =Lim——— —~————z2(—)=2<1
n-»w -0 (,.,' ) n-—)m (,/n)z 1 7
(diverges saclia Alubsaly)

n : n n/n
[3] an:(_l_j ﬁnanzn[ 1 ] :(__1_} =__l_.
: l1+n l+n 1+n l+n

L1m\/- le—l— =0<«l1 (AolEie Alulnals)

n—w n=x | 4+n

Limﬂ/ﬁ=1

n—o
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n n/n
N .
42, = (]n g U "(mn) ‘[an “Tnn

1
. Lim32 —=0<«1 Al dluduaall
- Limt, <Limpo=0<l (e dldad)
Ex (2)% 0 podd (8
Let 211
%71 , Does Y a, converges
2"
n even (s>1))
Solution:
= nodd u._“;z% ,nodd
a’n = 21 - nV an = 2 2
‘ZT n n _1__ = l » 1 €ven
even Vor 2
1 i/n
—<¥a < ole iy
2 n 2 &), 13
(B Vn =0 1 o Cuny (Ul Rk (ay

Lim§y an=—;~<1 (ApEie Alduall ¢eS54)

Problem: Which of the following series converge and which
diverge. Give reasons for your answers:

tasy o1 1Y
oFE zl(n nz]

oy
3 >
()nzzl( Y
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Solution:
1 il (lru:) :
r (lnn) a, g_lfln_il_)i s i
_ [(lnn) I"® Inn
- (nn)lln - n

1

L:m ‘f—d Ltmlil—- = LzmT = (—) 0 < 1—» series converges

n=»x n n-»0

#;—: 1.1 «—a_ = 1.1 1) ks
n n ]12 n n nz

-] G

= Lim J_ le(— - L] 0 <1-»> series converges

()"
3
8 3 ooy
@ i
:JE: (nﬂ)z <_-an (nn)2 QSRS

Y (nh" l (n!)" |

n (nn)2 { r n.fn 2
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. . n! L
. Limg/a, =Lim—; = >1—> series diverges
n—w n— 1

l/n nn .
ﬂ,/a = \/‘ ——<~—an=-—2— 10 i
2n /n 2n

: . n . 1 :
Lim%a, =Lim— =Lim =— = (0 <1 - series converges
n - n
o0 n—sw n—»o2'ln?2 o
_——
\
i ot BaelE aladinly

dog pdiall g gllaal o AID (A, liial cDLLbLGAY slad

Alternating series, Absolute and Conditional Convergence
:Alternating series 4 diiall cdlududal (1)
o3l 1 Ly ol Tam el 3 paall 3 LA Gan Lok Ll 2y
<3 edbubuad Lol e i) coluliiall ey Le Gyl o gas
by by s sl Lo ol basaa of (s 5 LAY Agilaia 3 5aal

NPT RYAN

(1) Z(—l)““aﬂ =aj—a;taz—ast...

.n=1

(2) i(—l)“an = —a +a2 —a3 +ag— ..
N ad gend [m,,.] >0 Cua

Fooo o Albadh t N s pall QB
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_2+1__1-+l—1+ - 1) (4)+ calubanell (Al 5 ) sall JBeS

2 4 8 2" .
L__-gijt_as)@Juuw‘w,m@}wsw\w:gﬂtwl
| (i

Lge samag A uliie a1 = V5 Lo Auaia Alubidia oo At Aludodal
| -4_ -2

3 1+(%)

1 el colududiall Bt L)
(Lelbmtzv Test for alternating series)

A5yl e 13 A )l (& Z( D™ Aubad

n=1
S LEYH Aty cdom g Ll 2y a5l (1)
22 N uan 2 N a0 ag < 8y J omny Al ks (2)
-i -
Lotall e 8 Hlalt 2l 4] Lima, =0 (3)

Example: Applying Leibnitz test to show that the following

series converges or diverges. Give the reason for your answer.

O eyt @3 o358 h”
=l n =0 2" 2n—1
Solution'
el 1 1 1 1
[1] Z( 1) 1—5 372"
wuux Js Luun o] 5 LAY Agsliias Rmsa S dgaal) ¢ (o ezl e
Jao st edlduad
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1 : i e s .
Q1 < a, LJIL5'1>% -;">~4— .- ultl:_';.:.@asbiw‘ulﬁl.qi
- . ]. . E
Lima =Lim—=0 10l tlad
n—® n—wo n

sl edbulual o e .LJ.:J! Py

UJSJL_U.\J_’ AR IR MJL;:\AH al o t-!_)ﬂ&jﬂ‘)a}m 1.}@.\‘3
@J@W‘
= 11 1 1 :
2 -] _.__1_._. ST B
[]g( )’ 57173 16 .

.EJL\Z}” @JU‘MJ:\._\_;_,ALGJSan JJ-\A.“ (1)

2011<an 1 ! 1>—;-,%>%,--- Al Aulidl  (2)

Lima_ -lei=0 bl M Jas el sl ey (3)

R—3®0 n—w 2"

gl slbaed Aluliadd -

D™ 111
3 S T
[]Z -1 3 5 7

e Nl D T g ya0 Gaaks
51 Ayt A s el 2y asad (1)

Q1< s 1>% %>% 1Cua daailn dlaluial (2)

=0 ial I JsF sl Al (3)
6 Blanadl Aludedidl

: . 1
Lima, =Lim
n—>a n->w 20 —
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Problem: Apply the Leibnitz test to prove that the altematlng

series:
Z d1verges (d2e L)
Solutlon.
$ED'2_ 4 6.8
o=l 4n 3 5 9 13
sl el AN da g pdll Saday
.B_)L&';Jl %JUEAJ&-_L?_}AH—EHH .J_g.hn.“ (1)
apn<a, i 2>%,§>g,--- Cua duadls dulad  (2)

1 QIS Jualinl g g aladiuly dpadln Aluduidl @b of Gl Ky
2 )
X 3 Sl ) Wl i

t(Ausbliia) Lpesmdls AN 45 £ (%)<0

IS 38 Rl Sl ()=

f < (4X=32)=4(2x) _8x-6-8x -6
(4x - 3) (4% — 3) (4X 3)
sl 5 bl Alubadl g = 42 el 20 i
. n—
: . 2n . 2 1 .. o
Lima, =Lim =Lim——==-#0 ol =l il (3)
n—»w nowo dn —3 now 3 2 '

4=
n

0555 3Unall Aludutial (8 Mg ol jiom s 5 ¥ lall 3n) A o

-
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Absolute and Conditional k¢ &l (alkaal) o jis) (2)
Convergence

sallaall o JBSY iy

cul€ 1Y (absolutely congergent) lkae L )l& 4y & Y, Aludusall (685
e Yla,| dilhal deil 5 sl Alududd)

Sloaly e Gy :ujumu,s;za UBMJMZIaIL.ulSlal ik

n=l

[absolute convergence test (alaall o i

sda g pdiall o JESY LBy S

13 (conditionally convergent) Ua s yda L {& 43 )& Ya, IR 0553
saelite [Ya| Aillaal Lel skl Aludad) cals

Example (1): Applying the absolute convergence test for the

foll'owing series.

1 I 1 1
1 1n+1___1___ I Al R
[]nz-:-:l( ) n? 4 9 16
7 P aatlaall l,.:.ﬁn," 3 laliall alubuaad
1 o 1 1 1
: 1“+1 ~—_1 U S W R
Z( ) Z 47916

w0 1
- - u +1
Al Ll Ay Y (1" T

n=1

Sinn _ Sin (1) Sin (2) Sin (3)
121 g‘l n? 1 4 9 7
oo dillaall o8l 5 jlbadl Aludiga)
=, Sin nl ISin (1) 1s1n (2) |S1n (3)(

2

n_ln ‘ 1 4 9
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o [sin(n)|_<_1 S
0 o 1
$t-5 L

Glhaall ol sl Mt (il Al o Z—z_ ALLad oSl
| par

Smn,] A s

d Smn
2

n=l 1'1

alhae L i 2

n=1

n+l ‘
[3] Z( D _1___1_+L___1_+
mnf+l 2 5 10 17

s Al aall 5 lbidl Alubuaally o

n+l
2 (-1 1 1 1 1 =21
=—F—+—F—+--
}:"n +1! 2 5 10 17 ,énzﬂ

ol as) ) s el Alubial )5S @ty iy e Alidiie A
allas Ly 3 Jliie ((3lad
Example (2): Which of the following series converge absolutely

and which converge conditionally. Give reasons for
your answers:

] ‘i(%)“*‘[l]
n=1 n

o Aallaal) ol 5 jlaliall Alulsal
=1 1 |

=2,—=

n=1

] U:\j_).:u__n L_JJLSELJLLAEM‘ Alaliial ) S0s c&emLﬁM@J
Tyl o i iy

lval
_ n+1_1_
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D'n,
2 :
2] nz;; —
tod Aalhall Hull 5ylaliall Abaliial)
Z(’l)n Z 1 =_1,_ g+§+i+ ......
i1 n+l n+l 2 3 4 5

Lima, —le—I—l——leHL——l #0

n-rw n—eon 41 n-)ao1+ 1

n

Mag e Ll 2y Mie 1% sUanal) Aluloiall o8 el

e CRALV L LEGRUARESS A TN A B0y W g 2

S g 9Ty e e gy

(1) P > 1, the series converges absolutely Bllae L)\ 4. Al
3.
:[Has P=5 3] gy

1 1 1
- 9312 + 3372 - 4372 +

(£) ' = 1, INC 5CTIES CONVErges CoNdiliviially ) ~qysie s

e P = 50 nmy
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ialadl P il Lt s e Ay gliiad) P aluduiio 45 laey 4 sa lld 3 sl

| radf an [Asllaall a8 5 Hlalial]

Ay sl Alubiidll 43,liad P> 1 Ladie Ay jliie 0% Anlad) P dlubiie (1)
e 118 3y lite 5 s ol ¢S L

Ay gl Aludaddl 45 JEed P < 1 Ladie sacliie 5% A0kl P dluliie (2)
U g i L Al 5 R ol ()5S

: Al DY cldudiall se Lol g o B3N il LS3Y jadla

OS 1Y Ay jlie o & Yar” d(geometric _series) Awwtigh Alutadal (1)
Jrf>1 oS 1Y sac i g |rf<]

dacliag P>1 oS 1Y 4 s 50 Zip :(P-series) P Aulodal (2)
. - 1n

P<1 gl 1y

a,—>0 S 1Y e 5% Y, i(n th term test) Joil sl Ladl (3)
270 S 13 5acLia

thaa gal 3 gdal) cld cilududall o JESY o sl

iS5 5 Al 5 Aluaia A f(x) i :(integral test) Jalsat tad) (1)
i [f(x)dx oS 1Y iy e Ya, dluduaal ¢S5 a,=f(n)

Faelie JalSal S 1Y s liia
Ya, ool i(Direct comparison test) ;—dlall A3 il J.ldlin\ (2)
m._uu.m 2 00— 4 lEe De, Sy ag<e, oS 13 Yo, Alidida
Saclie g, walS saelia Dc, Cil€ g a>c, wwils |.)l3
=13 :(Limit comparison test) 4igis sa B 45 J8al Ladl (3)

O Lim2n =1 ohSs A ga agaa 3 glilidiie Yy, 5> ay,

n—m b
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SS9 W L0, >0 oS 13 baelie § ol olisS oibuluial

5aelia ¢35 T, ofd L=00 oIS 13y dg b (13 Ta, f§ L =0
Baclie 5% Xay

o= Lim 3l = 5 oLS 1Y :(Ratio test) (< pmalls) Lwll 531 (4)

n—ow
an

didyg p>1 LS I Agae iy p<] LS 13 A 85 3S5 Fa, Al Ll
. p=1 Ledie lisyl -
Limg/g;p OS1Y :(nth root test) ( oS} ol il LS (5)
Qi p>1 O W el p<] S B Ay S5 0S5 g, Alulidl ola
:(Alternating series & diiall chuluial) (5)

A o S (=)™ e, dllad i(Leibnitz test) il Ll (1)
n=}

CiS 1) apSa, OS5 Y1 Asliey dua ge oo JS culS 1Y
-Lima, =0 OIS o(Auailn

13 (absolutely converges) Ll L& 3 6 Ya, Adulad & (2)
Sy 0155 Ay e [Nty| Al Gl 5 il Aol oS
Alabidl oS 1y (conditionally converges) Ua s pha Ll 4, e
Baclite [ a,) dilaall daill 5 kL

S 1Y :(absolute convergence test) i—thall o L8l A8 (3)

0
2.3,
n=l

> —5— o< i(Alternating P-series) &jial P Aluduia (4)

. o0
Ailaa Ll A lie 08 YAy ol Al

n=1

P<l 13 Ung yde LlEy P>1 o€ 13 tallae Lt L jliie
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bttt ) ¢t (it g | el i-ul-n.u.d-_i‘ t!

(commonly eccurring limits:

(1) Lim¥a =1 ) %EE‘;‘_‘EO
Omlo . @
(3) Limx" =0 (x <D , (©) %_igmg)n:ex [eF )
tdala Ol
- o, ?z 0,e°=1,e"=w,e*=0,In1=0, lno =00, In 0 =

5 <ol
(']

=1,lne*=a,e"?=a Ina’ =blna, E(a") = a*.Ina
X
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il o plb Gl

Elleptic Intograls duailid) o<l

Y oelaliie 3 o lda (0 sSs DS (el DSl sda Loyl sody 2

th gl o pea DG o Luallill COLISH ek g cdiles

Boga o oS il g el (1)
,0<k<1 (1)

F(k,$) =
ei[ox/l k2 sin?0
¢ =amp F(k, ¢) 1S dadl o ¢ Cum
k =mod F(k, ¢) 1«85 (ulgall auik
s ‘1’:% Lot Aualall Alall by ol e JalSily (1) JalSl i pny
el

n/2
F(k, )_
I o Vl— k2 sin”0
F(K) Sl b oleaial al 3a s ds¥ g sl 0 ol Jal s

:EJFUJGQJSQ:‘ﬂm\&ﬂ‘(Z)

0=9
F(k,$) = j\/1-k2sin29 de,0<k<1 2)
’ b=0 .
k=modE(k,¢) ¢« ¢=amp E(k, ¢) G

= L Aualsl A iyl AL (2) S i
| el
F(k,g)=n/jzme do
0 :
E(k) 3ol bt 4l 3asy (S0 & gl (e ol JalSS cany
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Buga e 0sS &I & ol (3)
0=b _
Lk, = ,0<k<1
fon4)= ejo(1+n31n G)(\/l k2sin?0
- (3)
k =mod L(k, n, ¢) , ¢ =amp L(k, n, ¢) Cus

Jals o8 ¢=g Losic. Zalall Al iy el e (ISl (3) JolSE G yng
Tti"g de
o (1+n sin®@)v1-k?sin?0
L(kn) el |jlaiad 4l 3asys S & gl e s JalSS ey
AW e sl Y Sty JalSal 13 i n =0 Leve 4 by

T
Lk: i
(k,n,2)

oleo aliol
b I(K) Js¥1 g sl e ol Jalall of s 0 <k <1 oS 1Y 3(1) (oa
A Al DU ALliadl 3 ) gea

/2 de

o= I\l 2 5in?0

6
_n 1+(_J K2 (13) Ky [1.3.5} K6,
2 2 2.4 2.4.6

(=) sl Ciaal ) o gSia Hasialy 2dall

4 1 1), 1Y =3Y -x)’
09 G (FIENF) -




Jasiiall ciluudaly i

:u_l:.(_]m;.ax=kzsin29¢a-'aw

L =1+ [_1_](1{2 sin0) + (_1_-2](1(2 sin?0)” +
1-k?sin’0 2.4
+ (; 3.5 ](kz 28)3 I

=1+ [-l]kz sin’0 + (—lﬁ]k“ sin*0 + 135 K® sin®@ + -
2 24, - 2.4.6

:Gx_ml.ms-’zf o 0 (e skl Jalsiy g

n/2 /2
F(k)= IJT jl: [I)kz sm28+(;'.ﬂk4 sin’0+

+[—1—‘3;5Jk6 Sin®0 4 - |dO
- \2.4.6

/2 1 n/2 w/2
= | d9+(—]k2 jsinze+[2 4Jk4 fsin®6 6+

+(1 3. Sjkﬁ [sin®0 o+

2.4.6 e
A Masialy g

n/2 n-l
o [135- 00" (2
: 24.6---n 2

n/2

[sin% de:l(ﬁ] ol

. 212

. /2 3
Ism“@ do (E) (E]
: 2.4\ 2
1.3.

/2 5 5
J'sm‘se d6 = ( )( )
2.4.6

P

- 68 -

oA



daaiiall Cilusty )

e Aall st A sl (Jea Jgbad bua 8l Jalal G STdad

dx=—dy<——x:—72£—y e U‘ﬂ)’:"“" A 1-k’sin’ @ 5 gual

L . n .2y
J.sinx=sin|—-— =cosy=1-2sin" =
[2 y) T 2

7y _dudall @iall Lal<Sl 3gas

y:-E-O:E(—-X:O Ladie
2 2

2 2 2

2 sin® %= sin” z oy

A2 sin%zsinz—)sin«-:—sin z




Adadiiall Silpaal

A sin'l[isin z} -S> y= 2sin"[—-1—sin z:‘
2 V2 V2
. D(sinu) = = D(u)
dy=—-———(-\/_2-coszdz) I-u

1-—sin’z
2

I
54—0 Oe ey Z yaadl paddl Cus

o2 ’T V2 cos z dz
0

- T .
0 41— 231r1:2 > 1—4sm zv1-sin’z

/2
=2 J’._l____
0 "1—~sinzz

2

1 1

k= -2-=_2 Cum I g il e el JalSs g Y1 el
: ﬁnf _\/EF(—I— E]_ﬁp(-l_)
' 0 1., V272 N2
l——sin”z
2
_ AT

ROCECICRCCI

2 2) \\2 2.4) {2 246) \N2

(1) s Jaa A s
15 ) geally QoS ey

=8 ) () ) e )

=70 -




Jasiial) il

. 1}3 (1.3}“(1}2 (1.3.5)6(1)3
=—=|14| = +]| == +| == | =1 +--
V2 2 24)\2 246)\2
ol a0 <k <1 lS 13 2(Y) Mia
/2

E(k) = E(k, —)- H 25in?0do

_z 1_(1) E_[Lz] 5_(1-3-5)62_...
2 2/ 1 \24) 3 \246) 5

o s VT—x )yl elh ofgSae abaasialy zdall
(1-%)"*=Vi-x

R ERRE)
+(E)(:zl](23)[2}(4!)+ o
(B (2)2- 1822 (e

e Jeani X =k sin? 6 puany

=V1-k’sin*@=1- ( )(k2 in”6) - (2“1)[1‘23"1‘29] _

3
_(1.3.5} k2sin?0) o
2.4.6 5
2 4 6
= —(}-}isinz9—[-13-]-k-sin48—[——-1'3'5)E—sinﬁe—---
21 24)3 246/ 5




Aadtial) Ciluzaly i

ol s 7 0 o o i,

n/2 n/2 2 4
j«./l k*sin®6 df = j[ —( ]k n*6- (13)£sin49-
2 3

1 2.4
[LJ& o . J
246) 5 |
"2 A i
[ sz jsm 6 do-— (13]1( _fsm 6do -
2 2.4

61:/2
[ J—— Jsm 0do—---e

/2 _
fsin" 6 de:[l.B.S (n DJ (Ej A aladialy
2.4.6---n 2
' n/2 ‘ )
6d6=—| = S R
ISIH 2[2J | )

/2 3 3
fsm 0 do = ( } (
2.4
/2 5
_[sm 0do= (ﬁj (E)
246, \2
n/2

E(k) = jm 8 do
+ORBEEREE]
(L)l (g)]- -

P  —_—_—— - e ]

-72.-



Ladiiall ciluialy M

7, 1)2_5_(_13]“51_ ,l_fzz)g_ ......
2 2 1 24/ 3 2.4.6 5 -

-sllaall 5
I=? dx el A o 2(4) JBa
1 (3x% + D)y (x - 1)(x* -3)
dx=sec6tan0d 6 « x=secH 1o gaills el
=0« secO=1 [l x=1 lae
9=g<——sec9—+oo Ol X —> oo L
I=ni[2 secO tan0do
© 5 (3sec? 0+ 1)y/(sec’ O —1)(sec 6 + 3)
___"f sec6 tan6do
B o (3sec’ B +1). tan0./(sec’ 0+ 3)
secH d6

6[(3sec 6'+1)\/sec 9f3

"'”jz cos” 0 do

0 (3+cos ON1+3cos? 0
’I (3+cos*0-3)do

0 (3+cos 9)J1+3(1 —sin” 6)
“‘f [(3 + cos® 8) —3]d6

0 ( 3+cos’ON4—-3sin’ 0

n/2

-73 -



T2

"]

Latiiall il

n/2 _3de

n/2 de
J__h
0

do
+
4-3sin’ 0

J [3 + (1 ~sin” 9)}\/4 ~3sin’ 0

+ln/2 —3(19

2
0 [4—sin28Lf1—%sin28

sl g

-74 -



Lasial) il i

& ._.1,,-[_«/5}
D43 2 (2

.. dx = sec © tan 6d0 X =sec 0 s aredll 22y
B=0«secH=1 (o x=1 Lae
8=g+—sec8—>co «— X o0 Ll
=2 secf tan 846

=]

o J(sec’ O -T)(sec’ 0+3)
:""2 secO tan0do _"j-z sec0do
0 tanBJ(secze+3) o +/(sec’0+3)
:nj_z do :n-f[Z de _njz de
0 cose\/ 1,3 o +41+3cos’@ o 1+3(1-sin’6)
cos’ @

:‘.rtif[Z de :l'rl:/f! de _lFﬁi_lFﬁ

y, V4-3sin@ 2 3.,, 21272) 212
1--sin“ 0
cstiadl) 524




Aadaiall Cilpudaly i

I dx =1F(Z) : rof el £(2) Al
1(4-x2)9-x%) 3 \3
/2 '
ORI
0 Jt——sin’*@
9
dx =2 cos 0df <~ x=2sinO o el el el
B=0<«sinb=0  Em— x=0 Lae
9=g<—sec9—>1 — x=2 Lae
“]‘2 2cos6d0
\/(4 4sin’® 6)(9 —sin’ 0)
:“’2 2cos0do

0 \/(4 cos? B)(9 — 4sin? 0)
w2 2cos6do

- 6[ 20056«/9—4sin2
B et Ch
0 V9 — 4sm 31372

~sin 29

1
3

)

casthal) 5

B3, L TV BTRATT 1) T T T

-76 -



dadiial) Cilpals 1

Joel) Jilao

ni2

V' (1) J‘w/cosx dx

0
m/2
(2) I1/1+4sin x2dx
0
dx

3
( )_5[\/(1+x2)(1+2x2)
[x=tan 6 F
6 dx
) oj\/(x—l)(x—z)(x—n
u=,/(x-3)

[utan 6 goa B

o7

AN eolalsal) il

aoa)





